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In this paper, we study the relationship between the failure rate and the
mean residual life of doubly truncated random variables. Accordingly, we
develop characterizations for exponential, Pareto 1l and beta distributions.
Further, we generalize the identities for the Pearson and the exponential
family of distributions given respectively in Nair and Sankaran (1991) and
Consul (1995). Applications of these measures in the context of length-
biased models are also explored.,
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1. lutroduction

Let X be a random variable having absolutely continuous distribution
function F(x) in the support of H = (a, b) where a can be -0 and b can be +e0,
Let f{x) denote the probability density function (pdf) of X. When X represents
the lifetime of a unit, the failure rate h(x) is defined as

LS
W)= G (L.1)

and the mean residual life (MRL) of X is given by
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r(x)= E(X ~xX > x). (1.2)

It is well known that both failure rate and MRL uniquely determine the
distribution. Using the vitality function (conditional mean function)

m(x) = E(X[X > x), (L.3)

equation (1.2) will be r(x) = m(x) — x. Further, the failure rate is related to
the MRL by
h(x) = 21X (14)
r(x)

where r'(x)is the derivative of /(x) with respect to x. The characterization
results based on failure rate and MRL are available in many research papers
and monographs, including those of Cox (1962), Galambos and Kotz (1978),
Johnson, Kotz and Balakrishnan (1994), Kotz and Shanbhag (1980),

Meilijson (1972), Nair and Sankaran (1991) and Navarro, Franco and Ruiz
(1998).

Recently, Navarro and Ruiz (1996) defined the failure rate function
and the conditional expectation for doubly truncated random variables that
generalizes respectively (1.1) and (1.3). Further, it is shown that both the
generalized failure rate (GFR) and the conditional expectation uniquely
determine the distribution of X. For the properties and the estimates of GFR
we refer to Navarro and Ruiz (1996). As the GFR and the conditional
expectation (mear: function) for doubly truncated random variables are
generalizations over the left and right truncation of the values of the
variables, in the physical sense it gives the instantaneous failure rate and the
expected life of the component/system when it works between two time
points. In human life length studies, it provides the rate of failure and
expected life between two ages, which is important in studying the useful
period of human life, Further, doubly truncated measures are also applicable
to engineering systems when the observations are measured afler it starts
operating and before it fails.

In the present paper, we study the relationship between the GFR and
the doubly truncated MRL function. Accordingly, we dévelop
characterization results for the Pearson family and exponential family of
distributions using the relationship between the GFR and the doubly
truncated mean function. The results to be developed are very useful in
providing characteristic properties of lifetime distributions which enable us to
identify the particular models. They also form an essential tool for the
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estimation of parameters. Finally, some structural relationships are
established for length-biased models, which is a generalization over the left
and right truncation models proved in the literature.

2. Basic Concepts

For a continuous random variable X, Navamro and Ruiz (1996)
defined the GFR function as

- f(x)
h(x), %)= -l-"(x, ) _‘—_‘11.,("“"‘) 2.1)
and
Iy (3, 5) = ——L52) 2.2)

I (xy) =~ F(x)
for all (x,,x,)€ & = {(x,,x,) € R? F(x,) < F(x,)}.

Obviously when x, — o, (2.1) reduces to the failure rate (1.1). The MRL
for a doubly truncated random variable is defined by

ry(x, %) = E(X - x|x, < X <x,)
which can be represented as

1 y
n,(x,,x,)—mj(l—x,)dl (l) (23)

Equation (2.3) measures the expected remaining life of a unit that has the age
x, and is broken before age x,. Itis easy to show that

dry(x,,x,)

Iy (xy, x, ), (x, %) =1+ &, 2.4)
Also from (2.2) and (2.3), we get
hz(xnxz)= rd(xl’xz) (25)

Xy =X = ry(Xp, %)
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where the prime denote the derivative with respect to x,.

From (2.3) it is easy to see that
ry(x,x;)=m(x,x,)-x (2.6)

where m(x,,x,)is doubly truncated mean function given in Ruiz and
Navarro (1996) and the distribution is completely specified whenever
m(x,,x,)is known.

The following section provides characterization theorems for various
lifetime models using the relationship among the GFR, r,(x,x,)and

m(x,,x,).
3. Characterization Results

Now we present a characterization result for the exponential
distribution, based on GFR.

Theorem 3.1: A necessary and sufficient condition for the distribution of X is
exponential with mean 67" is that

h(x, %)~ hy(x,,x;)=6 3.1
forall (x,,x,)e k.
Proof: Suppose that (3.1) holds. Then from (2.1) and (2.2) we have

S(x) = f(x)=0(F(xy)~ F(x,))

which gives
J(x)+ 60 (x)=f(x;) + O (x,). (6.2
The equation (3.2) is satisfied only when

f(x)+8&(x)= p,aconstant.
Or
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dl

',(:) PO (x) = p (3.3)

Using the boundary condition |in2 I'(x) =1, equation (3.3) yields

Fx)=1-¢%.
The proof of the converse is direct.

Remark 3.1: When x, — b.hy(x;,x;) >0 and A (x,,x,) = h(x,), which

reduces to h(x,)=6, a well-known characteristic property of the
exponential distribution.

Remark 3.2: Navarro and Ruiz (1996) provide non-parametric product limit
estimatois for GFR functions. T'he relationship (3.1) provides an estimate for
6 under censored situations.

Theorem 3.2: Assume that the derivative of fx) w.r.to x exists. The
relationship

ra(%%,) = 07 [(x, = X))y (x,,x,) +1] (3.4)

is satisfied for all (x,,x,) € I and @ > O if and only if the distribution of X
is exponential with mean 67"

Proof: Suppose that (3.4) is satisfied. Using (2.2) and (2.3), (3.4) becomes

8 (1 = x))dF(1) = (x, - x3) £ (x3) + F(x3) = F(x,)
N
or
0[():, —x ) (xy) - [0 )dr] = (% = 5,)f(5) 4 F(x,) - F(x,).
3.5)

Differentiating (3.5) with respect to x;, we get
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O(x, —x,) f(x,)=(x, - x, )f'(xy)

or

S(xy)

—— e T -

f(xy)

where prime denote the derivative with respect to x;.  Thus the distribution
of X is exponential. Conversely, for the exponential distribution with mean

&, we have

ry(x,xy)= L, > - xp)e
d\A 22 )= 70
/] le'a“ —e ™ j
and
%2
hy(x;,x5) = ———————
20X}, %2 PR
which satisfies (3.4).

The following result provides characterizations for exponential, Pareto Il and
beta distributions using the relationship between GFR and MRL.

Theorem 3.3: Assume that the derivative of fx) w.r.to x exists. The identity

rq(x;,x3)= /1[("(4\'1))2’11(1‘1»*‘2 )= (r(x; ))zhz (xy,x, )]
+A(xy = X )r(x2)hy (%), %3)
(3.6)
characterize

(i) the exponential distribution for 4 =1
(ii) the Pareto distribution with pdf

f(x)=ab(l+ax)™*',a>0,6>1,x>0 X))

for0 <A<l and
(iii) the beta distribution with pdf

f()=cd(1-cx)*" e, d>00<x<c™ (3.8)

for A>1.
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Proof: Assume that the relationship (3.6) holds. Substituting (2.1), (2.2) and
(2.3) in (3.6), we get

7 (= x)dl(1) = '1[(’(4“1 W 1) = (rx) £(x, )]+ A(xy = x)r(xy) f(x;)
or
(x2 = X)F () + £ 11 = ol = A ) £ = () Sty

+A(x) = x)r(xy) f(x;)

(3.9)
DifTerentiating (3.9) with respect to x,, we get

(x3=x)f(x;)= /1[~ 2r(xy )r'(x2) f(x2) — (r(x, ))2]"(x2)]

+ A(xy = x0) 10 )P () = f (02 )P(p) + (x) = x3) (2P ()
(3.10)

where prime represent the derivative with respect to x,. Equating the
coefTicients of either x,; or x, on both sides of (3.10), we have

= £(x;) = AL (x)r(e,) + £(x)r (xy)]

or
~fxy)= PEIEALEN)) G.11)
dx,
On integration (3.11) provides
1= F(x) = Af (x)r(x)
or
h(x)r(x) = -/li- ) (3.12)

From Theorem 1 in Ruiz and Navarro (1994), (3.12) provides
characterization for exponential distribution when A =1, for Pareto model
(3.7) when 0 < A <1 and for Beta distribution (3.8) when A >1.
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The converse part can be easily verified by direct calculations.

Remark 3.3: As x, = b, the Theorem 3.3 reduces to the result of
Mukherjee and Roy (1986).

We next prove a general characterization theorem for the Pearson family of
distributions based on GFR and m(x,,x,).

Definition 3.1: Let X be a continuous random variable as defined in Section
1. Then the distribution of X belongs to the Pearson family of distributions if
the pdf fx) of X is differentiable and f{x) satisfies the differential equation

dlog f(x) __~ x+ d,

3.14
dx by +byx + byx? G149

where by, b), b; and d, are real constants.

Theorem 3.4: The distribution of .Y belongs to the Pearson family if and only
if

2 2
m(x,,X,) = f—(ay +a, Xy +ayx; My (X, %) +(dg +ax, + a5 ) (x,x;)

where

b

a, =——i=0,12
&7
and

p= LX),

Proof: The theorem is proved by proceeding the similar steps in Nair and
Sankaran (1991).

Remark 3.4: When x, — b, Theorem 3.4 reduces to the Theorem 2.1 given
in Nair and Sankaran (1991).

We now prove a characterization result for exponential family of
distributions.
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Theorem 3.5: A necessary and sufficient condition for the distribution of X
belong to the one parameter exponential family is that

1 alog[t(x,)-I'(x
m(x,,x;)= g+ = 0) gl (62()) (x,) (3.19)

where u = [(.Y).
Proof: The proof is analogous to that of Consul (1995).

Remark 3.5: Theorem 3.5 reduces to the Theorem 1 of Consul (1995) when
x, b,

In the following section, we examine the use of GFR and m(x,,x,) in the
context of length biased models

4. Length biased models

The statistical interpretation of the length biased distribution was
originally identified by Cox (1962) in the context of renewal theory.
Assume that the population of failure times is distributed according to f(x),
the probability of selection of any individual in the population proportional to
its life length x, then the density function of the life length for the sampled
component of random variable ! has the form

O AC @.1)
M
where s2= I'{ X'} < o0, which is the length biased forin (see also Blumenthal

(1967), ScheafYer (1972)). A detailed survey of literature on applications of
length biased models wo refer to Rao (1965), Patil and Rao (1977) and Gupta
and Kirmani (1990).

In the present section, we examine the structural relationships
between the random variables.of X and Y in the context of GFR and

m(x,,x,) defined in Navarro and Ruiz (1996) for doubly truncated

distributions. By delinition, probability that the sampled component Y lies
between x, and x; is given by

P(x, <Y <x,)= j‘g(l)dt
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:1'1.]‘@«'(1)

b

m(x,,x,)

ie., P(x, <Y <x,)~ Plx, <X <x,). (42)

Taking logarithm on both sides and differentiating partially with respect to x;
and x; respectively and using relationships

IM0X3) (i x) = m k) @3)
ox,

and

om(x,,x,)

__(_1__2_____(x2 - m(x,,X, ))"z(xhxz) 44)
Ox,

we obtain the GFR functions of ¥ as

X h(x,,x,)
k(x,x,)= 120 =12, 4.5
(X1,%3) x5 i (4.5)

where k,(x,,x,).i = 1,2 are defined respectively

k(xy,%)~—- Q—Iogl’(x, <Y <ux,)
Ox,
and

k,(x,,x,)*---‘?*logl’(x, <Y <ux,).
ox,

From (4.5), it is easy to find the ratio

k(x,x) _ xoh(x,x,)
ky(x,, %) xh(x,x,)

. (4.6)
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Remark 4.1: Equation (4.2) is a more general expression, which can be
applied to both left and right truncation when the truncation values

x,~>aand x, —»b respectively.  Further, since m(x,,x,)uniquely
determines the distribution function (Ruiz and Navarro (1996)), the ratios
P(x, <Y <x;) and k,(x,,x,)
P(x, < X <xy) h(x,,x,)
These characterizing expressions purcly depend on the structural forms of
m(x,,x,)for different distributions (sec Table 1 of Ruiz and Navarro
(1990)).

also characterizes the distribution function.

Remark 4.2: When x, — b, equation (4.2) reduces to

P(Y >x)) - mix) 4.7
P(X>x) n |

where m(x) = E(XIX 2 x) called the vitality function. Following Remark

4.1, (4.7) also uniquely determines different models with respect to various
forms of m(x). In particular, (4.7) provides characterizations to exponential,
Py >xp)

Pareto I, beta models when the 1atio ————
(X >x))

=1+c¢x,c >0 and according

as pc—1=0(Gupta and Keating (1986), Navarro et. al (2001)). Further,

when m(x) = k + g(x)h(x) where k is a constant and g(x) is a real function in
(a, b), equation (4.7) charncterizes gamma, gencralized beta and Pearson
family of distributions (see Ruiz and Navarro (1994)).

Remark 4.3: When x, = b, equnlion {4.5) becomes

L) . (4.8)
) m(x) '

where k(x) is the failure rate of ¥ in the right truncation case. Equation (4.8)
also provides characterizations to different models which depends on the
functional forms of m(x) (see Gupta and Keating (1986) , Ruiz and Navarro
(1994) and Navaro et. al (2001)).
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