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Abstract

In this note, the (t)-properties of five classes of graphs are studied. We prove that the classes of cographs and clique perfect
graphs without isolated vertices satisfy the (2)-property and the (3)-property, but do not satisfy the (r)-property for ¢ > 4. The
(r)-propertics of the planar graphs and the perfect graphs are also studied, We obtain a necessary and sufficient condition for the
trestled graph of index & to satisfy the (2)-property. :
© 2008 Published by Elsevier B.V.
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1. Introduction

We consider only finite, simple graphs G = (v, E) with |V| = nand |E| = m,

A complete of a graph G is a complete subgraph of G and a clique of a graph G is a maximal complete of G.
A subset V' of V is called a clique transversal if it intersects with every clique of G. The clique transversal number
7(G) of a graph G is the minimum cardinality of a clique transversal of G [13]. For details, the reader may refer to
(1,6,12].

The order n of G is an obvious upper bound for the clique transversal number, In an attempt 1o find graphs which
admit a better upper bound, Tuza [13] introduced the concept of the (1)-property, A class g of graphs satisfies the
(#)-property if 7.(G) < 4 fog,evely,G @0 = (G e g every edge of G is contained in g K, € G}. Note that the
(1)-property does not imply the (¢ — 1)-property. '

It is known [7] that every chordal graph satisfies the (2)-property. In [13], it is proved that the (3)-property holds
for chordal graphs; split graphs have the (4)-property, but do not have the {5)-property and hence the chordal graphs
also do not have the (5)-property. It is proved [9] that the {4)-property does not hold for chordal graphs.

Motivated by the open problems mentioned in [7], we studied the (r)-property for the cographs, the clique perfect
graphs, the perfect graphs, the planar graphs and the trestled graphs of index k. The cographs are a subclass of the
perfect graphs [10] and also of the clique perfect graphs [12].

The (t)-properties of the various classes of graphs which we studied in this paper are summarized in the following
table.
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All graph theeretic terminology and notation not mentioned here are from 10
2. The (t)-property
2.1. Cographs and clique perfect graphs

A graph which does not have Ps- the path on four vertices - as an induced subgraph is called a cograph. The join of
two graphs G and H is defined as the graph with VGV H)= V(G)UV(H) and E(GV H) = E(G)UE(H)V {uv,
where u € V(G)and v € V(H)}. ‘

Cographs [5] can also be recursively defined as follows:

(1) Kyisa cograph; =
(2) if G is a cograph, s0 is its complement G and
(3) if G and H are cographs, so is their join G v H.

A clique independent set is a subset of pairwise disjoint cliques of G. The clique independence number ac(G) of a
graph G 18 the maximum cardinality of a clique independent set of G. Clearly, a:(G) is a lower bound for 1.(G). A
graph for which this lower bound is attained for all its induced subgraphs also is called a clique perfect graph [3,11].
The class of cographs is clique perfect [12]. A characterization of clique perfect graphs by means of a list of minimal
forbidden subgraphs is still an open problem. ‘

Lemmal [fG=GV G then 1.(G) = min{re(G), TG

Proof. Any clique in G is of the form Hy v Hy where Iy is acliquein Gy and Hs is a clique in Ga. If V' is a clique
transversal of Gy (or G»), then any clique of G which contains a clique of Gy (or G2) is covered by V' and hence V!
is a clique transversal of G also. o

Now, let V' be a clique transversal of G. If possible assume that V' does not cover cliques of G1 and G1. Let Hy
and H» be the cliques of Gy and G2 respectively which are not covered by v'. Then Hy vV Hais 2 clique of G which
is not covered by V', which is a contradiction. Hence V' contains a clique transversal of Gy or G2.

Therefore, 7c(G) = min{'tc(Cig')‘; 7.(G2)}.

Lerama 2. The class of all cbgraphs\}vir)‘zout isolated vertices does not satisfy the (t)-property fort =4

proof. The proof is by ‘ccnstm‘ctioni
Casel:t =4 ; :

LetG =G VvV Gz,‘where Gy = BK1 U Ky v 3Ky U K,) and G2 = (3K U K2). Thenn = 15,1t = 4 and
1.(G) = 4 which implies that § < 7.(G).

Case2:t >4 S

Let G = Gy V G, where G = 3K\ UK;-3) V3K Y K;-3) and G2 = (BKy U K:-2).

Then n(G) =3t +4 and 7.(G) = 4.

Every edge in G1 lies in a complete of size ¢ in G since G2 contains a clique of size t = 9. Every edge in G2 lies
ina complet/é*’oi, size t fort = 4 in G since G\ contains a clique of size 2 — 6. An edge with one end vertex in G
and the other end vertex in G liesina complete of size t since every vertex in G liesina complete of size f — 2 and
every vertex of G2 lies in a complete of size 2. Hence G is a cograph in which every edge lies in a clique of size f.

Also, § =3+ % »
Therefore, F < 1.(G) fort > 4

A, Vijayakumar, The {t)-property of some classes of graphs, Discrete Mathcmatic‘s
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Theorem 3. The class of clique perfect graphs without isolated vertices satisfies the (t)-property for t = 2 and 3 and
does not satisfy the (t)-property for t > 4, .

Proof. Let G be a clique perfect graph in which every edge lies in a complete of size 1. G being clique perfect,
7(G) = a.(G).
Caselit =2

Since G is without isolated vertices @:(G) = 5. 80 7.(G) = a.(G) < 5 and hence the class of clique perfect
graphs satisfies the (2)-property.
Case2:t =3

Every edge of G lies in a clique of size 3. So, the size of the smallest clique of G is 3. Therefore, . (G) < 5 and
7(G) = &, (G) < 4.
Case3:t > 4

The class of cographs is a subclass of clique perfect graphs. So by Lemma 2, the claim follows.

Corollary 4. The class of cographs without isolated vertices satisfies the (t)-property for t = 2 and 3. Moreover, for
the class of connected cographs without isolated vertices, 1c(G) is maximum if and only if G is the complete bipartite
graph K 8.5
Proof. Since the class of cographs is a subclass of clique perfect graphs, it satisfies the (¢)-property for t = 2 and 3.
Since the class of cographs satisfy the (2)-property and r.(K 4.4) = 3, the maximum value of 7(G) is 5.
Conversely, let G be a connected cograph with t.(G) = 5. Since G is a connected cograph, G = G| v G,.
- Therefore, 7.(G) = min{t.(G)), te(G2)}. But, 7.(G) and 7.(G2) cannot exceed the numbers of vertices in G,
and Gy respectively and hence the number of vertices in Gy and G, must be 5. Again, since 7.(G) = g all these

vertices must be isolated. Therefore, G = Kyy.

Corollary 5, For the class of clique perfect graphs without isolated vertices, 1.(G) is maximum if and only if there
exists a perfect matching in G in which no edge lies in a tiangle,

Proof. The class of clique perfect graphs without isolated vertices satisfies the (2)-property. Therefore, the maximum
value that 7.(G) can obtain is 5. Let Gbea clique perfect graph with 1.(G) = 5. G being clique perfect,
a:(G) = 1.(G) = ’2~' Since each clique must have at least two vertices and there are % independent cliques, the
cliques are of size exactly 2. Again, this independent set of 5 cliques forms a perfect matching of G and a clique
being maximal complete, the edges of this perfect matching do not lie in triangles.

Conversely, if there exists a perfect matching in which no edge lies in a triangle, the edges of this perfect matching
form an ix'lxdependent set of cliques with cardinality ’2-‘ Therefore, «.(G) > % But, a.(G) < 1.(G) < g and therefore
7(G) = 3. ;

2.2. Planar graphs

It is known that a graf)h G is planar if and only if it has nc subgraph homeomorphic to K5 or K 3%,

Theorem 6, The class of planar graphs does not satisfy the (t)-property for t = 2,3 and 4 and G, is empty for t > 5.

Proof. Every odd cycle is a'ﬂplanar graph and 7. (Copy1) =k +1 > g%ﬂ Clearly, odd cycles belong to G5 and hence
the class of planar graphs does not satisfy the (2)-property.

The graph in Fig, 1 is planar and every edge lies in a triangle. Here, n = 8 and the clique transversal number is 3
which is greater than 5 and hence planar graphs do not satisfy the (3)-property. Also, the graph in Fig. 2 is planar and
every edge lies in a K4. Here, n = 15 and the clique transversal number is 4 which is greater than % and hence planar
graphs do not satisfy the (4)-property.

Since K3 is a forbidden subgraph for planar graphs, there is no planar graph G such that all its edges lie in a K, for
t > 5. Hence, the theorem.
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2.3. Perfect graphs

A graph G is perfect if x (H) = w(H) for every induced subgraph H of G, where x (H) is the chromatic number
and w(H) is the clique number of H [10]. By the celebrated strong perfect graph theorem (4], a graph is perfect if
and only if it has no odd hole or odd anti-hole as an induced subgraph.

Theorem 7. The class of perfect graphs does not satisfy the {t)-property foranyt = 2.

Proof. Let G be the cycle of length 3k, say viv2, ... V3kVi where k > 2is odd, in which the Vertices Uy, Vay .« +y U3k=2

are all adjacent to each other. Then G is perfect and 1.(G) = [3%] > % since 3k is odd. Therefore the class of perfect

graphs does not satisfy the (2)-property. :
Now, the class of perfect graphs does not satisfy the (3)-property since Cg is a perfect graph in which every edge

[

lies in a triangle and 7.(Cg) = 3> 3.
Since the cographs are a subclass of perfect graphs [5], by Lemma 2, the class of perfect graphs also does not

satisfy the (t)-property fort > 4.
2.4, Trestled graph of index k

For a graph G, Tk (G’) the trestled graph of index k is the graph obtained from G by adding k copies of K3 for each
edge uv of G and joining u and v to the respective end vertices of each K3 [8]. The vertex cover number of a graph

G, denoted by 8(G), 18 the minimum number of vertices required to cover all the edges of G.

Lemma 8. Fof driy g‘r‘afph G without isolated vertices, 1 (Ti(G)) = km + p(G).

Proof. We shall prove the theorem for the case k = 1. ;

et V' = [ugs 1, . Up) DO A VeIiEX cover of G. The cliques of T,(G) are precisely the cliques of G together
with the three Kos formed corresponding to each edge of G. Corresponding to each edge uv of G choose the vertex
which corresponds to u of the corresponding K2, if 1t is not present in v/, If u is present in o', then, choose the vertex
corresponding to v, irrespective of whether v is present in V' or not. Let this new collection together with V' be V".
Then V" is a clique transversal of T1(G) of cardinality n -+ B(G). Therefore, T(T1 (G)) £ m + B(G).

Please cite this article in press as: §. Aparna Lakshmanan, A. Vijayakumar, The (t)-propeity of some classes of graphs, Discrete Mathematics
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Let V' = (v}, v2,..., ), where t = (T1(G)), be a clique transversal of 7, (G). Let uv be an edge in G and let
u'v' be the Ky introduced in 11(G) corresponding to this K. At least one vertex from {u’, v'}, say u’, must be present
in V/, since V' is a clique transversal and u'v’ is a clique of 71(G). Remove «’ from V. If V/ contains v’ also then
replace v’ by v. If v ¢ V/ then v € V’, since V' is a clique transversal and vv’ is a clique of T} (G). In either case, one
vertex v of the edge uv is present in the new collection. Repeat the process for each edge in G to get V7, Clearly, V"
is a vertex cover of G with cardinality t.(7}(G)) — m. Hence, B(G) = ©(T\(G)) —m. Thus, 7.(T) (G)) = m+ B(G).

By a similar argument we can prove that (7 (G)) = km + B(G). .

Notation. For a given class G of graphs, let 7, (G) = {Tx(G) : G € G).

Theorem 9. The class Ty, (G) satisfies the (2)-property if and only if B(G) < % VG € Gand Ty (G), is empty fort > 3.

Proof, Let G € G. n(Tx(G)) = n + 2km and by L.emma 8, 1.(7;(G)) = km + B(G). Thqrefore.

n(Tkz(G)) (=Y + B(G) < n +22km (=)8(C) < g

Hence, T} (@) satisfies (2)-property if and only if B(G) < 5V¥G e g,
If G contains at least one edge then 73 (G) has a clique of size 2 and hcncg Tk (G), is empty for¢ > 3,

(T (G)) =
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