
STUDIES ON

NON-RESONANT MULTIPHOTON PROCESSES

IN ATOMIC HYDROGEN

Thesis submitted to

Cochin University of Science and Technology
in partial fulfillment of the requirements

for the award of the degree of

DOCTOR OF PHILOSOPHY

R Radhakrishnan
Department of Physics

Cochin University of Science and Technology
Kochi - 682022

July 2008



CERTIFICATE

Certified that the work presented in this thesis is a bonafide work
done by Mr. R. Radhakrishnan, under my guidance in the Department of
Physics, Cochin University of Science and Technology and that this work
has not been included in any other thesis submitted previously for the
award of any degree.

Kochi Dr. Ramesh Babu T
July 28, 2008 (Supervising Guide)



DECLARATION

I hereby declare that the work presented in this thesis is based on
the original work done by me under the guidance of Dr. Ramesh Babu
T, Professor, Department of Physics, Cochin University of Science and
Technology and has not been included in any other thesis submitted
previously for the award of any degree.

Kochi 1 /\/July 28, 2008 R Radhakrishnan

1/
C)



Contents

Acknowledgements

Preface

1 Introduction
1.1 Emission and absorption of radiation by atoms . . . . .. .
1.2 Multiphoton processes . . . . . . . . . . . . . . . . . . .. .
1.3 Experimental setup for multiphoton Ionization . . . . .. .
1.4 Above threshold ionization of atoms . . . . . . . . . . .. .
1.5 Polarization effects in multiphoton ionization . . . . . .. .
1.6 Photoelectron angular distributions . . . . . . . . . . . .. .
1.7 Alkali atoms . . . . . . . . . . . . . . . . . . . . . . . . .. .
1.8 Atoms with many valence electron and noble gases
1.9 Multiple ionization of atoms . . . . . . . . . . . . . . . .. .
1.10 Tunneling ionization of atoms . . . . . . . . . . . . . . .. .
1.11 Resonance enhanced multiphoton ionization
1.12 Atoms in super intense fields . . . . . . . . . . . . . . .. .

2 Theoretical analysis of multiphoton ionization
2.1 Interaction of radiation with matter . . . . . . . . . . .. .
2.2 Theory of multiphoton ionization . . . . . . . . . . . . .. .

iii

vii

£Q\lOOl\Dl-'

10

12

14

15

17

19

21

24

27
27

33



ii _ _ _ __
2.2.1 Method of Bebb and Gold . . . . . . . . . . . . .. . 34
2.2.2 Method of truncated summation . . . . . . . . .. . 35
2.2.3 Green’s function method . . . . . . . . . . . . . .. . 35
2.2.4 Variational method . . . . . . . . . . . . . . . . .. . 37
2.2.5 WKB approximation . . . . . . . . . . . . . . .. . 38
2.2.6 R-Matrix Floquet theory 40
2.2.7 Dalgarno-Lewis method . . . . . . . . . . . . . .. . 432.3 Conclusion 44

3 Two-photon processes 45
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . .. . 45
3.2 Dalgarno-Lewis method . . . . . . . . . . . . . . . . . .. . 46
3.3 Two-photon bound - bound transition . . . . . . . . . .. . 53
3.4 Two-photon ionization of atomic hydrogen . . . . . . . .. . 58
3.5 ac-Stark effect . . . . . . . . . . . . . . . . . . . . . . . .. . 62
3.6 Elastic scattering of photons . . . . . . . . . . . . . . . .. . 683.7 Conclusion 74

4 Three-photon processes 75
4.1 Three-photon transition amplitude . . . . . . . . . . . .. . 76
4.2 Dalgarno-Lewis method . . . . . . . . . . . . . . . . . .. . 77
4.3 Ground to bound state transitions . . . . . . . . . . . .. . 87
4.4 Three-photon ionization cross sections . . . . . . . . . .. . 91
4.5 Analytical continuation 97
4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . .. . 105

5 Results and Conclusion 107
A Atomic unit 109References 1 1 1



Acknowledgements

I owe so much to so many as I reflect on this thesis. I thank my Supervising
guide, Prof. Rarnesh Babu T, who possessed superior problem solving
ability and practical wisdom, for sharing his experience and knowledge
with me. I am deeply indebted to him for the stimulating suggestions
and encouragement which helped me during research and also during the
completion of this thesis.

I wish to express my sincere thanks to Prof. V C Kuriakose and
Prof. M Sabir for the constant encouragement extended to me during my
student life in this department. I wish to express my sincere thanks to
Prof. Godfrey Louis, the Head of the Department of Physics, CUSAT
and also to the former Heads of DoP, Prof. K P Vijayakumar and Prof.
V C Kuriakose for providing necessary facilities to accomplish the work.
I take this opportunity to thank Dr. T M Abdul Rasheed, Dr. M R
Anantharaman, Dr. S Jayalakshmi, Dr. M K Jayaraj, Dr. B Pradeep,
Shri. P K Sarangadharan, and Dr. C Sudha Kartha who taught me
during my MSc days and helped me from then on. I would also like to
acknowledge Dr. J Bushiri and Dr. K M Titus.

It was a pleasure to be in the company of Mr. Shaju K Y and Dr.



iv

J ayadevan who encouraged and supported me throughout my research ca­
reer. I express my heartfelt gratitude to Dr. Sajeev for helping me during
my MSc days and Dr. Ravikumar C D and Dr. Minu Joy for their kind
support.

I express my thanks to Jisha and Sini for the good company. I ac­
knowledge Anoop, Bhavya, Prijitha, Priyesh, Nima, Nijo, Subha teacher,
Vinayaraj and Vivek of the theory division for their company and help
during my days in CUSAT. I also take this opportunity to thank Ajimsha
and Binoy for being my good friends. I express my sincere thanks to all my
MSc classmates. I also thank Gopikrishnan, J ijo, Manu’s, Rajesh, Santhi,
Vinu, Asha and Kishore for the wonderful company they provided. Words
are insufficient to express thanks to all my dear friends in this campus for
making life in CUSAT a memorable one. I gratefully remember the spe­
cial company of Maneesh during my days in Chennai. My sincere thanks
to Sivakumar for helping me in various tough situations and Prasanth for
being a good friend of mine.

I express my gratitude to all the staff of the Department of Physics
for their kind support. The Librarians of the department were extremely
helpful to me during my entire course period.

I gratefully acknowledge Prof. M S Sriram, HoD, Dept. of Theoretical
Physics, University of Madras, for supporting me from very beguining
and being a helpful friend in all situations. I sincerely thank Dr. Raghu­
nathan, Dr. Vythee and T Samuel for the elite company they provided.
I also express my sincere gratitude to Prof. P M Mathews and Prof.
V Sreenivasan for urging me to complete the thesis. I also thank Dr.
Seetharaman, Dr. Vasan, Dr. P R Subrahmanyam and Dr. Rita John for
constant encouragement on finishing this thesis. I also wish to thank all
my collegues at Nuclear Physics Department.



i V
.­

I would like to acknowledge the financial support of the University
Grants Commission, UGC in the form of JRF. I acknowledge the warm
hospitality provided by Dr. Diptiman Sen, Centre for Theoretical Studies,
IISc. Special thanks to Mr. V M Peter for nice binding of this thesis.

I thank my parents for the love they showered on me and also for letting
me choose my career and life. I am lucky to have my loving sisters and
ammoomma in my life. Finally I thank Chitra for being a helpful friend
and partner.

R Radhakrishnan



Preface

Studies on multiphoton process has gained momentum after the advent
of lasers in 1960, but the history traces back to 1930’s when Goppert­
Mayer developed the theory on spontaneous and stimulated two-photon
process based on second order perturbation theory. It is well known that
even ‘Rayleigh and Raman scattering’ are bona fide two~photon process.
Invention of laser led to the observation of various higher order process
like stimulated Raman scattering, higher harmonic generation, multiphoton
ionization (MP1) and selective excitation of atoms, which became topics of
immense interest to both theoreticians as well as experimentalists. Unlike
the single-photon transitions, multiphoton processes depends on intensity
and polarization of the incident radiation. This intensity dependence makes
this process a nonlinear one. Area of multiphoton ionization is rich with
many interesting phenomena. Multiple ionization of atomic system was ob­
served in 1975 and then follows the experimental observations of electrons
with large kinetic energies which can not be accounted by the single pho­
ton absorption. The area became more interesting with the experimental
observation of ac-Stark shifts, tunneling ionization and recently the atomic
stabilization in the presence of intense laser fields.

The availability of lasers with intense-short pulses, leads to the possibil­
ity of using multiphoton spectroscopy for probing the fundamental physics
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of atom-field interaction. The availability of increasingly intense lasers has
also made possible the observation of a wide variety of multiphoton pro­
cesses, including multiphoton ionization, harmonic generation and laser­
assisted electron atom scattering. Since the laser pulses are so short the
electric field can oscillate only a few times during the pulse width time in­
terval, the tunneled electron wave packet moves under the influence of the
strong field, when the electric field switches it can re-collide with its par­
ent ion. This electron can interfere or diffract with the bound state wave

function and can even scatter from its parent ion elastically or inelastically
and excite it.

Multiphoton process corresponds to higher order terms in the pertur­
bation theory of matter-field interaction. Perturbation theory proves to be
valid for intensity of light up to I = 1013 VVcm‘2. It was found that at
moderate intensities, direct multiphoton ionization as well as above thresh­
old ionization (ATI) are satisfactorily explained by perturbation theory.
The process of ATI is the absorption of more number of photon than the
minimum number required for the ionization, thus leading to transitions
among the continuum states. ATI can be studied using high resolution
photo-electron spectroscopy.

In the present thesis, we concentrate on various multiphoton process
in hydrogen atom. This study on hydrogen atom provide, a basis for the
studies on a large number of atomic systems like alkali atoms, negative ions
etc. We restrict our work on multiphoton process which can be treated in
the framework of perturbation theory. Under the framework of perturba­
tion theory, we also studied above threshold ionization (ATI) for the case
of two- and three-photon ionization.

The introductory chapter (Chapter 1) is a review on various multipho­
ton processes, starting from the description of simple one-photon ionization.

We reviewed the main topics in atom-field interaction covering both the­
oretical and experimental investigation of the subject over a broad range.
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We tried our best to discuss various experimental observations and its the­
oretical explanations, making the review a complete one.

This includes the effect of intensity on ionization processes, polarization

dependence of MPI, angular distribution of the ejected electron, multiple
ionization and resonance enhanced MPI. A separate section is added for the
discussion on tunneling ionization, which is entirely independent of multi­
photon ionization physics. We dedicate separate sections for describing the
observed nature of ionization spectrum in different atomic systems other
than hydrogen atom, which includes theoretical models for describing alkali
atoms and atoms with many valence electrons. We conclude the chapter
by discussing the recent developments in the superintense laser physics. In
each sections we tried to describe the experimental observation using the
available theoretical explanation on the subject.

In Chapter 2 we mainly concentrate on the theoretical methods avail­
able for the description of multiphoton ionization. The range of intensity
considered is such that the perturbative treatment is feasible. In the first
part we highlight the problems arising in the formulation of multiphoton
ionization using perturbation theory, especially problem of infinite sum­
mation appearing in the perturbative expansion. These infinite sum of
intermediate states includes discrete as well as continuum states. Then few

methods are described where the infinite sum is approximated using var­
ious methods and we also reviewed two methods which avoid the explicit
summing of the contribution from intermediate states.

First the expression for two-photon transition probability is derived
using perturbation theory in the dipole approximation. Then the avail­
able methods are reviewed. The approximate methods used in perturba­
tion theory are technique by Bebb and Gold, truncated summation, varia­
tional treatment, Green’s function method and Dalagarno-Lewis method.
Non-perturbative treatment includes WKB method and R-Matrix Floquet
method. Among these Green’s function method is extensively used for per­
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turbative and for high intense fields R-Matrix Floquet method is widely
used.

Chapter 3 consists of mainly a discussion on second order processes,
where we have grouped together a few processes which can be explained
using second order perturbation theory. Starting from the second order
matrix element we illustrated the application of the Dalgarno-Lewis pro­
cedure. The analytical expressions obtained can be used for various two­
photon processes involving the hydrogen atom.

Various two-photon processes includes bound-bound transitions, two­
photon ionization, acStark effect and elastic scattering of photon from the
hydrogen atom. In the section where two-photon bound bound transition
is discussed, we have calculated the transition probability for a two-photon
transition to occur from the ground state to any excited state, with the
quantum numbers n and 5. The section for two-photon ionization deals with

the evaluation of the scattering cross section for two-photon processes. This
includes both ‘direct’ and ‘above threshold ionization’. We have formulated

the method, derived the relevant amplitude expressions and also described
the origin of two-photon selection rules. We have extended the range of
applicability of the relevant expression for all values of incident photon
energy, by the process of analytical continuation.

In presence of intense laser fields, the atomic levels are shifted or broad­
ened and these stimulated radiative corrections are known as the ac-Stark

shift. This is one of the interesting subject in the intense laser field science.
We have done a perturbative treatment for the ac-Stark effect experienced
by a non relativistic hydrogen atom irradiated by a mono mode laser field.
Here we obtained an alternate expression for dipolar polarizability and it
was found that at the limit where the frequency of the incident photon goes
to zero corresponds to the static polarizability of the hydrogen atom. Then
the dispersion relation of Kmmers and Heisenberg is evaluated in our for­
malism. Since both are two-photon processes, we used a unified treatment
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to obtain the alternate analytical expressions and the results are compared
with values reported in the literature.

In Chapter 4 we discuss three-photon processes. The first one which
we discuss is the three-photon transition probability from ground state of
atomic hydrogen to any excited bound state allowed by three-photon selec­
tion rules. Secondly we obtained scattering cross section for three-photon
ionization of atomic hydrogen. Three-photon ionization includes three sep­
arate cases depending on the energy of the incident photon. They are direct
ionization, above one-photon and two-photon ionization threshold. Finally
we have discussed analytic continuation, which is mainly used to describe
above threshold ionizations.

From the analytical expressions for three-photon radiative transition
matrix elements the cross section for three-photon ionization of atomic hy­
drogen is calculated for both linearly and circularly polarized light with a
wide range of photon energy spectrum including the near resonance and
numerical comparison is made with the values obtained by different meth­
ods. We dedicate a separate section for the description of above threshold
calculation which is obtained by the analytical continuation of the relevant
expressions previously obtained. Taking the expression for two- photon pro­
cesses we also demonstrate the process of analytical continuation in detail.

Chapter 5 contains concluding remarks which summerize our work.
The future prospectives are also discussed.
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Chapter 1

Introduction

The study of ionization of atomic system is one of the important ways to
investigate the characteristic property of the interaction of atomic system
with electromagnetic field. Starting from the absorption of a single pho­
ton with necessary energy for the ionization, the studies have now been
extended to the processes of ionization by absorbing more than one photon
which ranges from the minimal number of photons necessary for ionization

to that of hundreds of extra photons [1, 2, 3].
The study of the interaction of intense laser fields with atoms, ions

and molecules has attracted considerable attention in recent years. The
availability of increasingly intense lasers has made possible the observation
of a wide variety of multiphoton processes, including multiphoton ioniza­
tion, harmonic generation and laser-assisted electron atom scattering [4, 5].
Since the laser pulses are so short, the electric field oscillates only a few
times during the pulse duration. The tunnelled electron wave packet moves
under the influence of the strong field and when the electric field switches
can reecollide with its parent ion. This electron can interfere or diffract
with the bound state wave function and even these electron can scatter
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from its parent ion elastically or inelastically and excite it.

Numerical as well as analytical studies have been done for hydrogen,
alkali and noble gas atoms and even atoms with two active electrons and
with many electron atoms where the electron correlations play a crucial
role. Lowest order perturbation theory (LOPT) has been used to study
various properties in the low intensity regime and has well explained most
of the available experimental results. For an N photon ionization the theory
predicts that the ionization rate PN has a power dependence on intensity as
FN ~ IN_1. In principle it is possible to extend the LOPT for high inten­
sity electromagnetic field by including the higher order contributions, but
its implementation is impractical. It was also noted that the observed ion­
ization rate decreases as the intensity increases and it does not agree with
the predictions of LOPT. The phenomenon of this decrease in the ioniza­
tion rate is termed as ‘stabilization effect’, which is of current interest to
the atomic, molecular and optical physicists. This indicate the breakdown
of perturbation theory and the need for the solution of the Schrodinger
equation directly.

This chapter begins with Bohr condition for one photon absorption
and we extend it to multiphoton processes, then a small discussion on
the behavior of atomic system in presence of intense field is done. This
is followed by a simple schematic description of experimental setup for
multiphoton ionization.

1.1 Emission and absorption of radiation by
atoms

A photon with necessary energy interact with an atom and as a result the
electrons undergo transitions between different states. This is according to
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the Bohr’s quantum condition,

E f — E1 = fiw (1.1)
where E,- and E _; are the initial and final state energies respectively and w is
the frequency of the incident photon. But in general, all transitions which
satisfies the above equation are not allowed. The radiative transition can
take place only between t-he st-ates allowed by certain selection rules. Apart

from the energy conservation given in Eq. (1.1), angular momentum also
has to be conserved and this leads to selection rules and the dependence of
the transition probability on the polarization of the incident radiation. For
a multiphoton excitation of atoms the above condition given in Eq. (1.1)
can be generalized as

E f — E,- = N wfi.

where N is the number of photons absorbed.
Perturbation theory is valid provided the radiation field strength F is

much less than atomic field strength Fa i.e., F << Fa or 72 >> 1, where
'7 is the adiabaticity parameter. Then the ionization can takes place as a
result of multiphoton absorption and we assume that the kinetic energy of
the ejected electrons is not perturbed by the electromagnetic field.

1.2 Multiphoton processes
The broad area of interaction of atoms by ‘intense laser pulses’ can be
divided into two regimes: the first regime involves relatively weak laser
fields of long duration (> lns) and the second involves strong fields of
short duration (< 1 ps).

In the first case, the intensity is high enough for multiphoton transitions
to occur and it does not obey single-photon selection rules.

For the second case the fields are too strong that the perturbative anal­
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ysis is not valid and the ionization of many electrons may occur. Since
the radiation field intensity is high in this case its classical description is
enough, but we have to solve the time dependent Schrodinger equation di­
rectly to study the atom field interaction.

For weak pulses, the electronic states are only weakly perturbed by
the electromagnetic field. Then the rate of an N -photon transition can be
calculated using Nth order perturbation theory result for the atom-field
interaction. Following the perturbation theory the N th-order transition

amplitude  corresponding to a transition from the initial state I 2') to
a final state | f ) in atomic unit (Appendix A) reads,

< ) _ __(f”|. H’ I iN-1) 'jfl<i2 | H’ I i1)(i1|,H' Ij)
MI? _ ,,N;;,1 (E¢~_1 - E9 - (N - 1)w)' " (En — E9 — W) (L2)

where H ' is the interaction part of the Hamiltonian, and the energies E9,
E, and w are in units of (e2/(10) where 0.0 is the Bohr radius. The N — 1
intermediate state sum is over the complete set of states including the
continuum states.

Since the laser frequency can be varied, the energy of m-photons can
match with one of the intermediate state in the infinite sum and the re­

maining N — m photons can cause the electron to reach the continuum
states. This can leads to the resonance enhancement of ionization cross

section and it is called ‘N ,m resonance enhanced multiphoton ionization
(REMPI)’. It is useful to note that in this case, the corresponding energy
denominator vanishes in Eq. (1.2), causing the breakdown of perturbation
theory.

Recently developed laser systems can produce very short pulses, some
as short as a few to tens of femtoseconds, and can have peak intensity
of 1O19W/cm2. At these high intensities, the field can shift the energies
of atomic levels, which is termed as ‘dynamic or ac-Stark effect’. The
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electrons in the highly excited state responds to the oscillating field, in the

same manner as the free electrons. Their energy shift by an amount Up,
called ponderomotive energy, which is the cycle-averaged kinetic energy of
a free electron in the field. It can be viewed as the minimum kinetic energy
a free electron possesses as a result of its oscillations in a laser field or as

the potential energy of a free electron due to its interaction with the field.
‘Ponderomotive potential‘ is given by the expression

82 FUP =  >1
where  is the time average over a period of the applied laser field.

The change in the energy may be larger than the incident photon en­
ergy. The electrons in the continuum will have the ponderomotive energy
and oscillate with the field. Suppose the initial velocity of an electron
is small after ionization, it can be accelerated by the field back into the
ion core. This rescattering changes the photoelectron energy and angular
distributions and it may also lead to the emission of high energy photons.

A strongly bound electron can respond to the instantaneous laser field.
If the amplitude of the laser field is large enough, the Coulomb attraction of
the ion core combines with the laser electric field to form an oscillating bar­
rier through which the electron can escape by tunneling. This phenomenon
is called ‘tunneling ionization’. The ratio of the incident laser frequency to
the tunneling rate is called the ‘Keldysh parameter’ 7, which determines
whether the ionization is due to multiphoton absorption or by tunneling.
When it is less than unity tunneling dominates and when it is larger than
unity multiphoton ionization dominates. With these parameters, a neces­
sary (but not sufficient) condition for perturbation theory to be valid is
7 > 1.

Atoms can loose several electrons and can be released sequentially due
130 a high intense single radiation pulse. The probability for simultaneous
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ejection of two or more electrons is very less, though a finite possibility
still exist. This simultaneous ejection of more than one electron is called
‘multiple ionization of atoms’.

‘Q’

mi

__ __ _ _- .. _ .. ________ _ _ _
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Figure 1.1: Schematic diagram for multiphoton ionization: the transition is from an
initial state | 1') to a final continuum state | f) through succession of intermediate virtual
states (represented with dotted lines). If the virtual states matches with one of the
eigenstates, the situation is called resonance enhanced multiphoton ionization

It is also possible that electrons can gain more than the minimum
amount of energy required for ionization. Thus instead of forming a sin­
gle peak, the emitted electron energy spectrum contains a series of peaks
separated by the incident photon energy. This is called ‘above threshold
ionization (ATI)’. The peaks will appear at the clcctron energies

Ee=(k+s)fiw—Ip
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where Ip is the ionization energy, is is the minimum number of photons re­
quired for ionization and /<:+s N 1S the total number of photon absorbed.

It was found recently that at higher intensities atoms undergo dynamic
stabilization and that means as intensity increases the ionization rate sat­
urates. This leads to the new interesting area of ‘stabilization of atoms in
intense laser pulses’. It was found that stabilization indeed occurs for laser
field strengths and frequencies of the order of one atomic unit.

Among the different interesting phenomena occurring in various types
of multiphoton processes, we mainly concentrate on multiphoton ionization
(MPI) of atomic systems. Multiphoton ionization (MPI) is described as
the ionization of an atomic system by simultaneous absorption of several
photons. In this case photons with energy too low to ionize the atom by
single photon absorption are piled up to reach the ionization threshold.
For the description of the problem we use perturbation theory. MP1 is
schematically described in the Fig. 1.1.

Most of the available experimental results on MPI can be successfully
explained using the semiclassical and full quantum treatment. There are
various methods available for the determination cross section of multipho­

ton ionization. Using numerical estimate Lambopoulos and Tang [33] has
introduced a generalized cross section for N-photon ionization which is
given by

am) = (ra)”w<”> /1"“) [cm2NsN_1]

and used it to estimate the multiphoton cross section of complex atoms.

1.3 Experimental setup for multiphoton Ion­
ization

The schematic diagram of the experimental setup is given in Fig. 1.2. The
basic setup consists of vacuum vessel for preparing target gaseous atoms.
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The vacuum pump reduce the pressure of residual gases to 1O"6 to 10'8
Torr. Then the target gas is induced with a pressure whose upper limit is
10"?’ Torr (~ 4 >< 1013 atoms/cm?’ ). When it is alkali atoms, the density
is limitted to 109 -— 101° atoms/cm‘3. An interelectrode system is used to
ionize the atom. Lenses are placed on either inside or outside the vacuum
cell depending on the focal length, the choice depends on intensity required
at the focus. Electric charges are separated by applying a transversal elec­
tric field and the ions are repelled towards a time of flight mass analyser.
The obtained ion signal is amplified by using an electron multiplier.

Photodiode and calorimeter measures respectively the time duration
and the laser pulse energy. The photometric arrangement makes the deter­
mination of spatial distributions of laser intensity.
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1.4 Above threshold ionization of atoms

The emission of electrons with large kinetic energies in multiphoton exper­
iments we-re first observed in mid seventies. The total ‘Direct ionization’

probability W, at frequency w has a power dependence to the radiation
intensity I as W ~ IN . In practice accuracy of multiphoton cross section
is much worse than the single photon cross section. Important theoretical
methods available for the calculation of these multiphoton ionizations are
Greens function method, Dalgano-Lewis method, variational method, Flo­
quet method and WKB method. A detailed discussion on these methods
are done in the next chapter.

Agostini et al. [34] first investigated the 6-photon ionization of Xe atom
and observed the electrons with kinetic energies E8 = 654.1 — E, and above

threshold electrons with kinetic energy Eg = Th/.u — E,-. Many experiments
on above threshold ionization are then reported.

From the WKB results the ratio of N + 1 above threshold and N thresh­
old ionization rates is found to be

wN+1/wN = O.14F2/wlo/3

where wk is the lc-photon transition rate and F is the field strength.

In the case of hydrogen atom, two-photon above threshold ionization,
the energy of the first photon exceeds the ionization energy of the hydro­
Sen atom. There are many literatures available for hydrogen atom, K arule

l21],[23] Ayman Cmnce [26], Gao-Stamce [39] Benson [38] and Ramesh
l19, 14, 17, 106] are few of them. A detailed discussion and derivation
Of the analytical formula is obtained in section 4.4. The experimental in­
vestigation of above threshold ionization are reported by Petite et al. for
5-photon ionization of Cs atom [35], the first above threshold maximum
appears at the intensity 5 >< 101° W/cm? and a 7-photon ionization of Xe
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atom for a radiation intensity 1011 W/cm2 [36, 37]. Petite et al. also mea­
sured the ratio of the rates of N + 1 photon and N -photon processes for
the Cs atom with threshold maximum of N = 4 and the ratio was found

to be 0.03 for a radiation intensity I = 10 >< 1O11W/cm2. With a model
potential Ag/mar was able reproduce the results exactly. In 1979 Agostini
et al. measured the 6-photon ionization of Xe and found both the thresh­
old and above threshold ionization (with one more photon i. e. , with 6 + 1
photons).

From the experimental data it was clear that the perturbation theory
was sufficient to describe the above threshold ionization at moderate in­

tensities. The main difficulty in the theoretical investigation was to obtain
the dipole matrix element of free-free transitions which are taken between
the continuum states which are not normalized. In general, for an atomic
system the requirement of having normalized wavefunctions, leads to the
condition that the wavefunctions be regular at the origin. It was achieved
by considering the wavefunctions to be a standing wave insted of traveling
wave. In this case we have to add standing waves with different energies
to vanish the convergent spherical part, thus we can construct wave func­
tions which are regular at origin and divergent at infinity. ‘In the case of
hydrogen atom this problem can be avoided by analytically continuing the
wave function’.

1.5 Polarization effects in multiphoton ion­
ization

First theoretical explanation on the polarization dependence of MPI was in
the letters by Lambropoulos [58]. He reported two- three- and four-photon
ionization differential cross section and its dcpendance on the polarization
using a one~electron model of atom, which was used for hydrogen, Cs and
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other alkali atoms. The ratio of linear to circular cross section can even
vary upto a factor of 2 and this rato depends strongly on the frequency of
the incident radiation.

Polarization dependence are best understood by the relation connecting
the cross sections of linear and circular polarization. For this purpose the
ratio of N-photon ionization cross section by fields of linear and circular
polarization with the same intensity and frequency is used.

It is important to note that “N -photon matrix element of absorption of
circularly and linearly polarized radiation differ from each other, only by
the Clebsh-Gordan algebra”. Thus the ratio of cross section for N -photon
ionization in a circularly and linearly polarized fields can be derived in
general for any atomic structure. The famous factorial formula derived by
Klarsfeld and Maquett is given by

we/w; = R = (2N — I)!!/N! (1.3)

where we and w; are ionization rates for circular and linear polarization
respectively. In the case of hydrogen atom, this factorial formula is correct
for N 3 3. but there is no experimental data on polarization dependence
Of multiphoton ionization cross section for hydrogen atom. The factorial
formula hold for any atoms with arbitrary number of valence electrons in

the single particle approximation. Alimov [40] reviewed the experimental
investigation of polarization dependence in alkaline earth atoms, there they
found that the observed values are slightly lesser than the predicted value
R = 2.5 and are always found to be greater than unity. The reason may be
due to the fact that single particle approximation is not completely correct
for the standard classification of excited states of alkali atom.
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1.6 Photoelectron angular distributions
Differential cross section for multiphoton ionization of hydrogen atom by
circularly polarized radiation depends on the angle 6 by

diQ0N ~ sin2N 6

where N is the number of absorbed photon and 6 is the angle between
the direction of propagation of the emitted electron and the direction of
propagation of the electromagnetic radiation.

But in the case of linearly polarized light the dependence is proportional

to Pl2(cos 6), where P; is the usual Legendre polynomials corresponding to
the value of the orbital quantum number Z of the final continuum state.
Here 6 corresponds to the angle between direction vector of electric field
strength and the direction of the ejected electron. The property Legendre
polynomials are oscillatory functions with maximum at 6 = O and 6 = 71',
thus leading to the property that the angular distributions have 2 maxima’s
at these end points and an oscillatory behavior in between.

In general the angular distribution of the form [41]

d
E0” : A0 + A1 cos2(6) + Ag cos4(6) + - - - + AN cos2N(6)

Since these are even powers of cos 6 we can express this in term of Legendre

Polynomial of even orders as

d
EON = B0 + B1P2(cos 6) + B2P4(cos 6) + ~ -- + BNP2N(cos 6) (1.4)

and the coefficients A,;’s can determined using N -photon transition matrix
elements. Since these coefficients depend on the radiation frequency, the
cross section for linear polarization depends on the frequency.

Experimental differential rates of multiphoton ionization of the hydro­
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gen atom from ground state were measured by Feldmann et al. and Wolfi’ et
al. [42, 43]. They used linearly polarized radiation of 355 and 532 nm wave­
lengths. Electron angular distributions of threshold number of ‘4-photons’

have been theoretically verified by Gontier [44] and the results are in good
agreement with the experiments.

In the case of photoelectron angular distribution of ‘alkali atoms’ also,
the Eq. (1.4) is applicable. The experimental values of Dodhy et al. [46]
agree well with the theoretical values for Cs and Rb atom for two-photon
ionization. The coefficients are evaluated from the two-photon radial ma­
trix elements. Petite et al. [35] experimentally determined the intensity
dependence of these coefiicients. At low intensities the coefficients are com­

Dlellely independent of intensities, and they had shown that the shape is
Changing as intensity is increased. There are a few discrepancies in the
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compared results of experimental and theoretical values and it is assumed
that this disagreement may be due to the change of energies of atomic
states because of ac-Stark effect.

1.7 Alkali atoms

In the present section we summerize two of the theoretical methods used
for studying multiphoton processes in alkali atoms, they are Quantum de­
feet method and model potential method. Alkali atoms contain only one
electron in the outer shell. The binding energy of the valence electron is
approximately one order of magnitude less than the binding energy of the
electrons in the next highest filled shell. Thus it might be expected that
the one electron approximation can be used to describe the interaction of
an electromagnetic field with alkali atoms, as in the case with hydrogen
atom. However, the multi electron core produces a potential for the ex­
ternal electron which differs strongly from a coulomb potential at small
distances between this electron and atomic core. Therefore approximate
wavefunction for the valence electron must be constructed.

For the perturbative treatment of MPI in alkali atom, we must con­
struct an approximate expression for the potential of the atomic core and
the wavefunction of the valence electron. One of the approximate method
of solving this is the so called ‘quantum defect method (QDM)’ this was
first used by Bates and Damgaard [48] in calculations of matrix elements
of one-photon bound-bound transition. Burger modified it for bound-free
transitions [49]. QDM is based on Coulomb interaction between the va­
lence electron and atomic core. The wavefunction of the valence electron

at large distances from the atomic core is approximated by a hydrogen like
wavefunctions with an effective principal quantum no, n* = n — 6; where 6;
is called the ‘quantum defect’. The value of n*’s determined from experi­
mental data of the energies En; of excited atomic state using the relation
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for hydrogen like atoms En; = ~—Z2/2(n*)2(in a.u.), where Z is the ionic
charge. In order to determine the continuum wavefunction at large dis­
tances, the relationships of the scattering phase in to the quantum defect
6; is used such that in = 1r6;. The QDM Greens function description for
alkali atoms was discussed by Zone et al. [50]

In ‘Model potential method’, the core potential is approximated by a
model potential [51]

<><>

U(-) = —Z/T + Z 13,3,/-2
{=0

where P; is the Z projection operator and B; is determined from the spec­
trum of excited atomic states with fixed value of orbital quantum number
l. Single particle MPM Greens function expressions can be found in Ref.
[52]

WKB approximations [53] are also available for treating MPI on alkali
atoms and they give a close agreement with the experimental results [70,
63].

1.8 Atoms with many valence electron and
noble gases

In this section we briefly summerize the experimental details and the theo­
retical analysis needed for understanding MPI on atoms with many valence
electron. The electons in the valence shell of a many electron atom interact
with the external electromagnetic field as well as with each other. In the
Simplest approximation we assume that the electrons independently inter­

act with the electromagnetic field. Many things can happen during the
interaction, like, several electrons can be simultaneously ejected from the
atom, the filled electron shell can shield the field of an electromagnetic
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field, the first ejected electron can interact with the remainting electrons
in the valance shell and so on.

If we neglect the residual interaction between valence electrons, the
electron angular distribution for direct multiphoton ionization of ‘many
electron’ atoms must be qualitatively same as of hydrogen and alkali atoms.

Experimental data on multiphoton ionization cross section for alkaline
earth atoms are reviewed by Ammosov et al. [63] For Noble gases, the
large ionization potential leads to a high threshold intensity(intensity at
which ionization processes are observed). Because of the large intensity,
perturbation of atomic spectrum due to ac-Stark shift is very important.
It was also found that except for N = 2 and N = 3 the cross section for
MPI of noble gases are less than that for the alkali and alkaline earth atoms.

Using wavefunctions for single particle states, and using Greens function

method (discussed in section 2.2.3) a few theoretical attempts were made
[54, 55], and was found to be in good agreement with the experimental
results. Gangopadhyay [55] truncated the sum after 10 terms, and used
multi-channel quantum defect method for single particle wave functions,
the continuum wavefunctions are expressed via scattering phases, which
are calculated in WKB approximation.

Two and three-photon ionization for noble gases are also studied by
McGuire [54] for both polarization. He had used self-consistent ‘Herrma­
Skillman potential’ as the single particle atomic potential. This includes the
effective potential of the atomic core as well as the self-consistent potential
between a given electron and all other electrons in the valence shell, finally
local exchange potential (central) given by U XC('r) = a[3p('r)/8w] is added,

where p('r) is the density of electron in valence shell. They calculated
atomic Green’s function using the above potential and applied perturbation
theory to find the cross section. The ratio of cross sections of circular and
linear polarization agrees with the factorial formula. Kulender [56]used the
Herrma-Skillman potential and calculated the wavefunctions of the valence
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electron numerically. Residual interaction between valence electron was
investigated in detail by L’Hu£lz'er et al. [57]. It was done by considering
effective laser atom interaction term as

I/;ff(r,t) = r(w)Fcoswt

were r(w) is the effective dipole operator Using this effective dipole operator

r(w) instead of r the multiphoton transition matrix elements are evaluated.

1.9 Multiple ionization of atoms

It is known that binding energy is high for an electron in a singly charged
ion. It is approximately double the ionization energy for alkaline-earth and
noble gases and > 5 times for alkali atoms. Therefore it was believed that
inorder to observe ionization of multiple electrons we need very intense and

high frequency radiati0n[45]. Now multiple ionization is a typical process
observed in a wide range of experimental conditions i. e. , for laser intensities

ranging from subatomic to superatomic ranges [64, 65]. Let us consider few
cases where the production of doubly charged ions is possible. In order to
make the theoretical description simple let us consider double ionization.

For the case where the field intensity is much lower than atomic field
Strength, i. e., F << Fa we expect the ionization to be of the character

Of Inultiphoton process. It is described as a ‘step wise process’ i.e., ini­
tially one electron is detached, then subsequently the second one. Both the
electrons are detached by the same laser pulse. It can be described as

A+N1w—~>A++e', A++Ngw->A2++e_

for this case the probability of the above process is equal to the product of
the probability of each individual transition. This stepwise processes can
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be resonant or non resonant.

The second case is the formation of doubly charged ion through an
intermediate excited state of singly charged ion A+*. This excited state ion
can be obtained by absorbing an energy which is higher than the ionization
potential of the atom and the excess energy is not transformed into kinetic
energy of the electron, instead is transferred to the ion. It can be described
by the process

A+Nw—>A+*+e_, A+*-I-N3w—>A2++e_

Suppose the system possesses an autoionizing state Au, it is possible
that the state can decay via autoionization, resulting in the formation of
the ion in the excited state. this can be described by

A+Nw—>Aa, Aa—>A+*+e_, A+*+N3w-»A2++e'

it is interesting to note that the first process is a real processes(not virtual
as in the previous case  In the final case simultaneous detachment of two
electrons are also possible and is described by

A+Nw->A2++2e'

Experimental results were reported by Agostini and Petite for the for­
mation of Sr+ and Sr2+ [86], ionization observed at the laser intensities
101° — 1012W/cm2. Subsequently there were many experiments reported

on multiple ionization of various atomic systems [85, 87, 88, 90, 84]. UV
ionization of noble gas atoms were reported by Johan et al. [89], they found
the ionization for intensities ranging from 1013 — 1015W/cm2.

Theoretical description of the step wise process is done by considering
the rate equations and a brief idea can be obtained from the Ref. [45]p. 213.
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Figure 1.4: Log-log plot of the variation in the number of xenon ions formed as
a. function of the laser intensity 1. The vertical broken line indicates the saturation
intensity 1,, which indicates a marked change in the intensity dependence of Xe+ and
X82+. Schematic representation of the 29-photon one-step process, and the (l1+ 19)­
photon two~step process leading to Xe2"' ions. Source: [84]

1.10 Tunneling ionization of atoms
The qualitative difference between multiphoton and tunneling ionization
lies in the frequency dependence of the rates for these processes. According
'30 Keldysh, nonlinear ionization is determined by the so called adiabatic
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parameter

7 = w(2Eb~md)1/ 2/ F

The 72 << 1 condition, implies the tunneling ionization. Here the rate of
ionization depends on the field strength exponentially

w ~ exp [—2(2Ebz'nd)3/ 2/31*]

Here the ionization rate is frequency independent, whereas multiphoton
ionization rates are frequency dependent. For example the ionization rate
for the ground state of hydrogen atom perturbed by a constant electric field

is given by [66]

w = %exp(—2/3F)

It can be seen that for different polarization the above expression for
rate has the same form, which depends only on the amplitude part and not
on the exponent. The above formulation is simple and many areas can not
be exploited.

Landau-Dykhne adiabatic approximation : In the case where the
frequency w of the incident photon is less than the ionization potential
of the atomic system, a simple analytical expression is obtained from the
adiabatic approximation of quantum mechanics and is given by the Landau­
Dykhne formula

wfi = exp {—2Im £t0(Ej-(t) -— E,-(t))dt}.

where w fi is the transition probability between the initial state | 2') to the
final state ] f ), to is the complex turning point in the plane of complex time

which is found form the condition E,-(to) = E f(t0). The rate of tunneling
ionization in a monochromatic, linearly polarized field from excited states of
hydrogen atom with principle quantum number n, orbital quantum number
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I and magnetic quantum number m is given by [67]

w = (3)1/22‘*""2|'"'"2(2z+1)(l+|m|)!

n—6n+3|m|+3/2 F“2"+'ml+3/2 QXPP2/3'"»3F)
(n + l)!(n — l —- 1)l[m|!(l — |m|)!

This is valid when F << Fa where Fa = 1/16114 is the atomic field strength
for an excited state of hydrogen atom with principal quantum number n.
We can use the same expression for complex atoms by replacing n -—> n"'
where the 11* is determined from quantum defect method. The expression
for circular polarization can be obtained by multiplying an appropriate
constant to the above equation. The energy spectrum of electrons for both
circular and linear polarization are reported in Ref.[68] using adiabatic
approximation .

1.11 Resonance enhanced multiphoton ion­
ization

In this section we consider ionization of atomic systems through intermedi­
ate resonant transitions. When sum of the ground state energy and energies
of few number of photons matches with the energy of some excited bound
state, resonances occurs and it is reflected by an increases in the probability
of ionization rate of the atom. Non-resonant multiphoton ionization can
be described by perturbation theory but resonant multiphoton ionization
has 8. profiles whose shapes change according to the length and intensity
Of the laser pulse and can be quite different from that predicted by LOPT.
SUPPOSG the N’ photons (N ' < N) have an energy equal to the transition
energy from an initial state | 2') to some excited bound state | n), and
i0nization are possible with N photon absorption, the situation termed as
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resonance enhanced ionization. Condition for resonant enhanced ionization
is

Ani(F) II  —  — N'w
where Am-(F) is the resonance detuning and E,-(F) and E,,(F) are the
energies of the initial and resonant states, Fm-(F) is the reduced width of
the resonant transition. It is useful to note that all the quantities take into
account the perturbation due to radiation field strength F. For enhanced
ionization in a weak field(F,, << ’Yn), the rate of ionization W can be written
as

MP) I P”'M£€"’ I’
W Z (En — E; — N’w)2

where Fn is the ionization width of the resonance level 7,, is the natural line

width of this level Ali?) is the N ’th order transition matrix element. For
intense fields the ionization width will be larger and we have to consider
ac-Stark shifts. When resonance widths exceeds the natural width of the

resonance level, multiple resonances can occur.

Resonance enhanced Multiphoton Ionization (REMPI) is used to study
energies of excited atomic states, Stark shift, to measure the multipho­
ton bound-bound transition matrix elements and also to look for exotic

transitions (quadrupole, forbidden, 2—electron transitions etc.). Since the
angular momentum of the continuum states are now different the electron
angular distributions are interesting. Dodhy et al. [47] measured angu­
lar distributions of photo electrons in the 2-photon ionization of Rb atom
with one photon resonance between the ground 45 state and a quadrupole
coupled 4d state.

In the experiments, REMPI was observed as a multiphoton transitions
from an initial state to a resonant state followed by a single photon transi­
tion from the resonant state to the continuum.

Armstrong and Feneuille [80] used a model of 2-level and 4-level system
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to analyse the behavior of resonant multiplioton ionization to describe the
REMPI.

REMPI on Hydrogen atom: In the experiment reported by Kellehcr
[69] they measured the rate of 4-photon ionization of ground state of atomic

hydrogen in the presence of 3-photon resonance between ls and 2p levels.
The resonant width is determined by the single-photon ionization of the
resonant 2p level and its ac-Stark shift. Thus the ionization rate is given
by (3) 3 Fn(F)

“’ 2'  F '2 (Am) + 611..->2 +r2.<F>/4'

Here I"g(F) is the single photon ionization width of 2p level, zg) is the
matrix element of the dipole operator between the states |  :] ls) and
I '1) =| 21>), and F is the amplitude of the electric field strength, Am is
the 3—photon detuning and 6Em- is the difference of the ac-Stark shift of
the 2P and ls levels. The dependence w ~ I2 ~ F4 is confirmed by the
experimental data for hydrogen atom.

REMPI for alkali atoms was reported by Mollerec et al. [70] and they
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observed a 4-photon ionization Cs with the condition of a 3-photon reso­
nance between the states 6s and 6 f . For noble gas atoms Landen et al. [71]
observed 4-photon ionization Kr atom by laser field under the condition for
a 3-photon resonance.

1.12 Atoms in super intense fields
The usual description of MPI is valid under the condition that the ac-Stark
shift of atomic levels is less than other spreading of levels present in the
system. In this case we can distinguish the direct multiphoton ionization
from resonance multiphoton ionization. In the later case multiphoton res­
onance occurs with some excited atomic state. Opposite limit of a large
ac-Stark shift, results in mixing of resonance and direct multiphoton pro­
cess. In weak fields we can separate direct and resonance ionization, but in
the case of strong field this is impossible.

Numerical simulation of ground state hydrogen atom in a super intense
pulse was considered by Kulander et al. [72] and it was found that the
ionization rate decreases with increase in intensity of the incident radia­
tion(above 1016 W/cm2). This decrease is termed the ‘stabilization effect’.
Atomic stabilization is seemed to occur as long as the pulse is within an
intensity window bound by 5 >< 1013 W/cm2 and 2 >< 1014 W/cm2. Volkova

and Popov {T3} consider one dimensional square well potential of finite
radius and depth carrying a single bound state. It was found that the
stabilization effects can be explained by the production of an electronic
wave packet which oscillates with a large amplitude and consequently, has
a weak coupling with atomic core. D077‘ et al. [74] has solved the time de­
pendent Schrodinger equation for a hydrogen atom, initially in its ground
state, subject to superintense, ultrashot laser pulse of high frequency w =2
a.u) the peak field strength F =16au. The total ionization probability is
W(oo) ~ 0.6 — 0.7. The value of W(oo) = 1 is not achieved due to a short
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duration of the laser pulse. They compared and interpreted their results in
terms of the time independent Floquet eigenvalues. The Floquet approxi~
mation is very successful to describe overall features of the time dependant
C858.
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Figure 1.6: Total ionization probability for hydrogen atom, subject to ultrashot laser
pulse. Numerical calculation of Dorr et al. [74]

The most successful approach for studying quantum systems in super
intense field is by Kramers-Henneberger (KH) method. This is done by
analysing the problem in a noninertial frame of reference, in which the
electron in an electromagnetic wave field is at rest. It implies changing to
3» SO called Kramers frame co-oscillating with electron. The transition to
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this system can be achieved by a unitary transformation of the form

r.

\I1;<H(r',t) = exp  I V(r, t’)dt’] \I'(r,t)

where the Schrodinger equation satisfied by ‘I1 is

_ 3 1
zhaql - [-3-V + U(r) + V(r,t)] \I1

and I/(1') = r - Fcos wt and U('r) is the electron core potential. This can
be written as the Schrodinger equation for KH potential as, 5 1 ,

zh~a?\I1;<H = [—§V’ + U()(I‘\I1KH

and the KH potential is given by

Ug(r’) = L /2“ U r’ + £ coswt d(wt)271' 0 (4)2
Volkova et al. [75] carried out a direct numerical integration of the time
dependant SE to investigate the dynamics of a one dimensional quantum
system with a short range potential and proved the validity of KH approx­
imation.



Chapter 2

Theoretical analysis of
multiphoton ionization

2.1 Interaction of radiation With matter and
dipole approximation

In this section, we consider semiclassical treatment of interaction of radi­

ation field with atomic system using perturbation theory. In the presence
of electromagnetic field the Hamiltonian of an electron in the atom can be
written as

H(I‘, Y1) = % (P + eA(r, t))2 — e<I>(r, t) + l/(T) (2.1)

Where p is the electron momentum, —e is the electronic charge, V is the
static electric potential, A and <I> are the vector and scalar potential for
the electromagnetic field respectively.

The time dependant Schrodinger equation satisfied by the electron in
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the presence of external field is

_ 3
H(r, t)\I1(r,t) = zfi&\I1(r,t) (2.2)

We have A and <I>, invariant under the following gauge transformations

<I>'(r,t) = <I>(r,t]—-§—tX(r,t)
A'(r,t) = A(r,t)+VX(r,t).

In order to simplify the discussion we introduce a unitary transformation
such that \I"(r, t) = R\I1(r, t), then we have the Schrodinger equation trans­formed as 6

Hg\II'(r,t) = '£fi&\I1'(r,t)

where the gauge transformed Hamiltonian Hg is defined as [61]

T - - 5 1
H9 = RHR + MERR

We can choose the operator as R = exp [—ieX(r, t) / Ii]. Then the gauge
transformed Hamiltonian has the form

I1 d
Hg = 551- [p+eA+V><]2 +e5)<+ V(r). (2.3)

Now we choose the Coulomb gauge where V - A = 0 and ¢ = 0. In this
gauge the field is completely described by the vector potential A and it
satisfies the wave equation

VZA 62A-0 24“*5? -* (~)
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The solution of the wave equation has the form

A : A0ei(k-r—wt) + A3e—i(k-r—wt).

where k is the wave vector of the field.

If the size of the atomic system is small compared to the wavelength of
the radiation field, variation of the field over the extend of the atom can be

neglected and we can take e'”” ~ 1. This is called dipole approximation.
Now by choosing the gauge function X(r, t) = —A - r we get

VX('r,t) = —A(t) (2.5)
§£X(r,t) = —r - %A = —r - F (2.6)

where F is the electric field strength. With these, the transformed Hamil­
tonian will take the form

Hg = Pi + l/(T) + er - F (2.7)2m

From now on we denote the transformed Hamiltonian as H and this form

of interaction is in the so called ‘length’ gauge. The operator -er is called
diP0le operator d. Further terms in the expansion of €Xp(—ik - r) in powers
Of It - r gives higher order electric and magnetic moments.

Now we discuss the perturbative treatment of multiphoton ionization in
the dipole approximation using interaction picture. Expressions for tran­
sition amplitude can be obtained by a Dyson expansion of the transition
operator. Once the transition amplitude is obtained the rates and cross
Sections can be obtained by squaring the amplitude and averaging it over
a transition cycle. Now consider the total Hamiltonian of the form

H = H9 + H’
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where H0 is the unperturbed part and H’ is the interaction part of the
total Hamiltonian.

The quantum mechanical treatment of this problem is done by express­
ing the wavefunction in the ‘interaction picture’ i. e. ,

W) = @*”“"”‘\I1(t)

where \I1(t) is the state vector in the Schroedinger picture. Substituting
this in the Schrodinger equation, ¢(t) should satisfy

mgae) = @“’0*/”H'@-1”“/”¢(z) = H}¢(t). (2.8)

where H } is the interaction picture representation of H’. The integral
solution to Eq. (2.8) can be written as

r¢<w>=r¢<t@>>+  tdt1H;<¢m<:>e1>> (2-9)

Now we define the unitary operator T(t,t1), which takes a state from
time t = t1 to a state at time t i.e., | ¢(t)) = T(t,t1) | ¢(t1)). From
Eq. (2.9)

1;

T(t,t1)= 1 — $1 f dtaH;<¢a>T<»:;,mii

This leads to the final Dyson expansion

O0 Z n t ti t:'_1 I 1 1 1
:r(¢,t1)=1+2 -5 an t dtg... t d¢n.H,(¢1)---H,(¢n)n=1 $1 1 1

The -nth order term has the form

n z z tn_,
T(")(t,t1)=  j dt]j1dtQ...f d¢,,H}(¢'1)---H}(¢;1)1 $1 tt I (2.10)
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Considering the system to be in initial state | 2') at time t = -00. The

probability of finding the state in the final state | f) at a time t = oo can
be obtained by

Tn-(¢»-U = if I T(¢»"¢) I if (2-11)

by taking the limit t -> +00. |  and | f) are the eigenstates of the
unperturbed part of the Hamiltonian. We have the interaction Hamiltonian
in the length form as

H; : e'iHQt/hld _ F]e—i1IQt/h.

and F, the electric field strength can be written in the form

F = -1- (F*ei“” + Fe"°”)2

With this, H j will take the new form

1: 0 1 * iw —'uJ —'i ()
H;:eHt/h§(d_F 6 t+d_Fe z t)e Ht/Pi

Therefore from Eq. (2.10) one-photon transit-ion amplitude is

(  t I 1 two w ' ?Lw0—w '
9}.-1)(t,:1)= (-5)] 01:15 [A + "1 (<1 - F)fl + e( >*1 (<1- FM]ti

where wt = (E; - 1:1)/h and <<1~ F>,,- = <r | <1-F n @>.

In order to perform the integration we assume that the interaction will
take place only over the length of the pulse, which is in fact longer than
the dimension of the atomic system. This will make the integration limits
tl “-* —oo and t —> oo and finally using the definition of delta function, the
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transition amplitude becomes

(1) _ 27ft (d'F*)f' (d'F)f'
’]}i (oo,—oo) - — h [ 2 '*6(w@ +w) + —3——z6(w0 — w) .

(2.12)

Transition rate is thus proportional to modulus square of transition ampli­
tude. Here the first term corresponds to emission and second corresponds
to absorption.

For a two-photon (second order) process T}? have the form' 2 t , * . , .
?'}(f)(¢,t1) =  Zft dt§e*<“’~"“>‘3 ((d 5)” + (d 5)”)1 1 ~t’ . 4- __ _ __

X / 1 dtgei(U7ji”W)t’2   )3?’ +  F)3z)ti 2 2
where wj-,; = wj — wi and wfj = wf — wj. After the integrals are done, the
second order transition amplitude becomes() _ ' .
’I}z- (—oo,oo) - -555  [6(w0 + 2w) wji + w

.7

+5(w@ - 2w) (d {dug F”? (2.14)'   +
The first two terms corresponds to two-photon absorption and emission
respectively and the last term corresponds to ac-Stark shifts.

Thus, in order to find the second order transition amplitude we have
to evaluate the expression inside the bracket of the Eq. (2.14) which is is
in general difiicult. The main problems arises due to the infinite summa­
tion coming in the expression and also due to the resonance cases where
the denominator become zero. In the coming sections, we discuss various
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methods for the evaluation of these kind of matrix elements. From Eq. 2.13
it is clear that the matrix element corresponding to two-photon absorption
can be expressed in atomic unit (Appendix A) by

Mi? :2 <”“5;.'i‘iéI‘li.t”*‘> ea
where e is the unit polarization vector. Here the interaction is considered
in the dipole approximation, and the infinite summation Zn runs over the
complete set of states. Under the framework of perturbation theory, evalu­
ation of n-photon transition requires the evaluation of nth order transition
matrix element of the form of Eq.2.15.

It should be kept in mind that the probability for emission of two pho­
tons with frequency w, is very small as compared to the probability of
emission of a single-photon with the frequency w + w. However, if the se­
lection rules prohibit the single-photon transition, then only the two-photon
processes are allowed.

2.2 Theory of multiphoton ionization

In the following sections, we summarize few of the available and widely
used methods for analyzing various multiphoton processes. This includes
both perturbative as well as nonperturbative treatments. Non-perturbative
methods includes WKB and R-Matrix Floquet methods. In the perturba­
tive treatments the transition amplitude can be evaluated in various order
°f Perturbation. From now onwards we use the atomic unit (Appendix A)
f0r the discussion unless otherwise specified.

roceedmg 111 the SlII1ll3.I' manner as lI1 tho previous section in the dipole

approximation a general Nth order matrix element which corresponds to
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N -photon process has the form1 0 0 0 D
..i.-: Z yi.1;;§lg~;>.;.&@1;;;Pggywggyg <2...)

Various standard procedures are there to evaluate this matrix element,
which includes explicit summation technique as well as indirect methods
for summation and variational methods.

2.2.1 Method of Bebb and Gold

This is one of the simplest method for the evaluation of higher order matrix
element as given in Eq. (2.16). The evaluation of the matrix element of
N-photon transition matrix involves N — 1 infinite summation over the
intermediate states. Since the presence of the energy dependent term in
the denominator is the main reason for the difficulty in performing this
sum, Bebb and Gold [7] suggested to replace the varying frequency with
an average constant frequency so that the sum can be performed with a
simple procedure and the matrix elements can be evaluated very easily.

Among the N — 1 intermediate summations, let us take the nth term
(I in)(in | /(win —w,; —nw)) which involves the summation over the index in.

If we replace the atomic frequency difference win —w,- by a constant average

U(n), the energy dependence in the denominator corresponding to the state
| in) will be removed. Now we can use closure relation | in)(¢j,,_ |= I and
the complex Nth order matrix element takes the simple form

MN__ <f|(f'1')N|’5lft — N-1 _
Hn=1 (w(n) i“ nu’)

Further simplification can be done by replacing all the 5(n) with an average
frequency G independent of n. This average frequencies can be found by
‘trial and error method’. Bebb and Gold applied this method for the case
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of hydrogen and rare gas atoms. An alternate method by replacing the
numerator with an average matrix element is proposed by Morton

2.2.2 Method of truncated summation

In this method, instead of considering the complete set of states a limited
number of intermediate states are included in the summation. From the
infinite summation, the expansion is truncated and explicit summation is

performed to get the transition matrix element. The virtue of this method
is its generality. By doing so the error accumulated due to the truncation
can also be calculated. However, the convergence of the method often
depends sensitively on the representation chosen as well as on the size of
the truncated basis. Many authors have used this method [77, 78, 79]

2.2.3 Green’s function method

Green’s function method is one of the widely used method where the explicit
summation of the intermediate contribution is not done. For the illustration

Of this method, let us consider two-photon ionization of atomic hydrogen.
The associated transition matrix element is given by

M(2)=Z:<f|€;|"g"»|f'1‘l?3>n_ 11*“-U

Here Es and En are the unperturbed energies of the initial and intermediate
states respectively and w is the frequency of the external electromagnetic
field. Since it is an ionization process the final state | f) is a continuum

$l73-17B- It is very important to note that in the above equation the summa­
‘"1011 is over the discrete states as well as integration over the continuum
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states. Since the Green’s function is defined as

¢n(1')¢,'i(r’)

Gr:-me) =  —E;;tQ—'

we can rewrite the matrix element as follows

A/1(2) = /¢"‘}(r)e ' rG(r, r’, E} + w)c - r'1/1,-(r')drdr'

It is useful to have the radial Green’s function G';(r,r’,Q) related to the
full Green’s function as

Gm  Q) = Z Gm. Q)Yl:n(Y/TlYIm(1"/T')­

The radial Green’s function can be expanded in a series of complete basis
of radial atomic wave functions and we have

OO

c,(r,r',o) = Z R,,;(r)Rn;(r’)(En-Q)'1
n=l-I-I

‘l‘ fm REg(T)RE;(T,)(E "- Q)_1dEO

where R,,;(*r) and RE£(T) corresponds to bound and continuum spectrum
respectively of hydrogen atom. The integral representation of these Green’s

function was first developed by Hostler and Prat [82]. Later Hostler [81]
obtained a closed expression for Green’s function of hydrogen atom in terms
of regular and irregular Whittaker functions. Mizuno also obtained a series
expansion of these Green’s function for hydrogen atom in terms of Sturmian

functions which is of the form [83]

s,.,,(7~) = 2[p(2l+1)!]"1[(n+1)l]1/2[(n—l—1)l]_1/2

><(2'r'/p)lexp(—r/p)F(—'n + Z + 1,21 + 2; 2r/p)
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where p : (-2Q)-1/2. Apart from the scaling factors in the argument these
functions coincide with the radial wavefunction of hydrogen atom within
3 constant multiplication factor. And the representation of Green’s func­
tion in terms of Sturmian functions are most suitable for the evaluation of
various matrix elements involving multiphoton processes. All the multiple

integrals can be can be finally reduced to a one dimensional integral. The
disadvantage of this method is that for above threshold calculations (i. e. ,
when Q > 0) this series diverges. For two-photon processes from the ground
state of hydrogen atom the results can be easily obtained as by Kamila
Similarly we can extend the method to processes involving higher number
of photons. Karule has extensively used this method in many places
A detailed discussion can be found in the extensive review by Maquet [15]

where different representation of Coloumb Green’s function are used for
various mnltiphoton process.

2.2.4 Variational method

In 1988, Gao and Stamce presented a variational procedure for calculating
the Nth-order perturbative matrix elements and have applied it for the
calculation of high-order mnltiphoton processes in atomic hydrogen
Variational method consists of defining two unknown functions such that

H’ H’ H’ H’ .1;, = -  (2.17)I > HN_1~HEN_2-HE2-HH1-HI’)H’ H’ H’ H’<1//| =  _~-  e 1. (2-18>EN_1 —HEN_2-HE2—HE1 -H

the functional M (zb, 1/1’) given below

Mimi/»') = <r|H'|w>+<¢’1H’a¢>

_<¢’ | (E1 -H)E2;,H ...E”%i_1p'H |¢> (2.19)
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is stationary with respect to the variation of 1,11 and 1,1)’ . Here the com~
pleteness of the (N — 2)-fold summation is automatically guaranteed. As
a result, a smaller basis set can be used. For a second order process the
above equation will take the form

M}‘i(1!1,1/1') = (f I H'i¢) + W1’ I H’ i 1') + (1/1' I (E1 —H) I111)

They claimed that the the results are variationally stable with respect to
any errors in the determination of two unknown functions l lb) and (1/2’

2.2.5 WKB approximation

Apart from the usual perturbation methods, it is also possible to apply
semiclassical treatment like WKB methods to deal with the multiphoton
processes. This method was developed for hydrogen atom by Berson [38].
WKB treatment for MPI is valid only for highly excited states of atomic
electrons. A summary of the formulation of WKB approximation for MPI is

described in the Ref. [45]. When Z ~ n, the electron moves on a circular tra­
jectory and in this case the ionization probability is quasiclassically small.
For states with small orbital momentum J <<< n the electron moves on an

elliptic curve with a large eccentricity, so that the ionization take place only
near the perihelion when the electron is inside the atomic core. At other
points of space the electron is nearly free, hence the ionization probability
is negligible due to the absence of the third body. If we consider the energy
of the highly excited states as very small, we can take the elliptic orbit
as parabolic. In this case we assume the situation be of bremsstmhlung
kind, where the absorption or emission of photons by a low energy electron
scattered by a coulomb field. Thus the probability of absorbing N -photons
can be calculated by semiclassical treatment. Let a(t) be the amplitude of
the electron being near perihelion, then the Schrodinger equation for a(t)
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is of the form
_ d

za?a(t) = 'r;;Fa(t) cos wt.

Here F is the field strength amplitude and w is the field frequency, rz-f is
the dipole matrix element between the states 1; and f , and w,-f = w is the
transition energy.

These matrix elements are the Fourier components rw of the classical
coordinate r(t) as the function of time t on the frequency w. The above
Schrodinger equation has a simple solution

a(t) = exp[(—z'rw)(F/w) sin wt]

If we expand in fourier series of monochromatic states, we obtain

a(t) = Z JN('ru,F/w) exp[iNwt]
N

Thus the probability for N -photon processes is equal to the square of the
modulus of the above equation, i. e.,

WW) =| JN(r¢,,F/w) |’

This is the probability for a N -photon process during one orbit and if we
divide it by the period 21rn3 of this orbit we obtain the rate of n-photon
ionization [38]

' w<”> =(21m3)-1 1 JN(e,F/W) |2
For weak electromagnetic field we can expand the Bessel function in a

fierles of weak electromagnetic field we can obtain the rate of N-photon
1°I11Zation in perturbation theory as

w(N) = (r,,F/2w)2N/(21m3N!2)
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The N-photon cross section can be obtained by averaging the above ex­
pression over all angles and then dividing by photon flux cF2/81rw.

Two-photon cross section of the ground state of hydrogen atom is cal­
culated using the above expression in Ref. [38].

2.2.6 R-Matrix Floquet theory

R-Matrix Floquot (RMF) method was introduced by Burke et al. [76] for
the analysis of interaction of laser field with atoms or ions with the appli­
cations to multiple ionization, laser- assisted electron-atom scattering etc.
A detailed review on the topic is available in Ref. [31]. In RMF theory,
the laser field is treated classically and the interacting radiation is assumed
to be monochromatic, monomode and spatially homogeneous. In appli­
cations of RMF theory considered so far, the laser field is also assumed
to be linearly polarized. The fundamental idea is from R-Matrix method
where we divide our configuration space into two or more regions where the

process in each of these regions has distinctly different physical properties.
Fig. 2.1 schematically represent the partitioning of the configuration space
in R-Matrix theory. In each regions, we use the most appropriate form of
the laser-atom interaction. Different representation of the wave function
and Hamiltonian describing the process is adopted in the respective region.
Then finally, these wave functions are connected through R-matrix defined
on their common boundaries.

We describe the method by considering multiphoton ionization of atom.

Neglecting relativistic eifects, the atom which has (K + 1) electrons is
described by the time-dependent Schrodinger equation given by

K + 1 .3
(HK+1 + AU)-PK+1 + -TA2) ‘1’(XK+1,t) _ Z&‘I’(X1<+1,t) (2-20)

where pK+1 = Z?“ p, is the total electron momentum operator and A
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Radial coordinate of the scattered electron

Figure 2.12 Schematic diagram for the partitioning of the configuration space in
R-Matrix theory [31]

is the vector potential describing the laser field. We have A is defined by
A = cA0 sin wt, here e is a unit vector along the laser polarization direction
and or is the angular frequency. We separate the configuration space into
three regions as illustrated in the Fig. 2.1. A Floquet-Fourier expansion is
done for the wavefunction in these regions by writing

\I1(XK+1,t)=e_‘E‘ Z 8-*"‘"»¢n(XK+1) (2.21)

Substituting this in Eq. (2.20) we obtain a set of coupled time independent
equations for the functions tbn.

In the internal region we transform the wave function to the length
gauge as

‘1’(XK+1=i)= QXP (-13A ' RK+1) ‘1’L(XK+1,i)

where RK+1 =  I1. Substituting this in Eq. (2.20) we get infinite
Bet Of coupled time-independent equations of the form

(Ha/+1 — E ~ ow) wk + DK+1(T»/1£,J_1T/),II+1) = 0

Extemal Region Asymptotic Region
scattered electron only l°r'E""4"Se Powmlal important Scattered electron only

han e and- damn cm E long-—range potential weak
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where DKH = %F0?~ R K+1. Then truncate the ibf; to a finite number and
expand them in configuration interaction basis, followed by determination
of the R-matrix in the length gauge.

In the external region the transformation is of mixed kind, where the
ejected electron is in velocity gauge and the remaining K electrons are
considered in length gauge. The transformation is given by

C

\I1(XK+1,t) = (—3Xp (—iA - RK —f A2(t')dt') \I'v(XK+1, Z)

where

r,~§a0,i=1,...,K and r;<+1Za,0
Substituting this in Eq. (2.20) we get infinite set of coupled time­
independent equations of the form

(HK+1 - Ev _ W1) ¢-X + DK+1('li’)r‘1/-11%‘;/+1) + PK+1(1Pli/-1'1/1;,/+1) = 0

where PK+1 = A0? pK+1 / 2. Again truncate the series and expand the
floquet components in terms of the channel functions and substituting it
in the above equation we get a set of coupled second-order differential
equations satisfied by the corresponding reduced radial wave functions.
The solution in the internal region yields the R-matrix which is then used
to match the internal and external region wavefunctions.

The R-matrix obtained from the internal region is transformed to ve­
locity gauge and propagate through the p subregions(as shown in Fig. 2.1)
outward and then it is fitted to an asymptotic expansion. In the case of
multiphoton ionization the radial functions are fitted to outgoing boundary
conditions defined by

F,-(1') : Ki exp(z'k¢r)

where k,- are complex wave numbers of the ejected electron in the with
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channel and Ki are the normalization factors. Finally, a quasi-energy,
E = ER — 2'1“/2 is obtained where ER is the energy and F is the multi­

photon ionization rate.

2.2.7 Dalgarno-Lewis method

Dalgarno-Lewis method was originally introduced for the evaluation of long
range forces between atoms [10] and later on it was modified by Schwartz
for various simple higher order processes [60]. A clear demonstration of the
method is available in Ref. [91], where it is used to calculate second order
Stark eifect in hydrogen atom. The analytical expressions are derived with­
out explicitly summing over the intermediate states and the final dipolar
polarizability is presented. Here, in this section we will outline the method
using the Nth order transition matrix element given in Eq. (2.16)

A detailed discussion on the subject is given in Section 3.2. The idea is
to include the contributions from the infinite summation over the interme­

diate state coming in the higher order perturbation matrix elements given
in Eq. (2.16) exactly. This can be done by defining a set of N — 1 operators
Mn with n = 1,2,---N- 1 such that

6-rMn_1]g) = (MnH0 — H0.Mn + nwliln) Ig) (2.22)

where H0 is the unperturbed Hamiltonian for the system under considera­

t1°n' Using Eq. (2.22) and the closure relation Z7; |  |= I the transition
matrix element in Eq.(2.16) is reduced to

M53” = <r | r - r MM 19> (2.23)

It is 8-180 clear from the Eq. (2.22) that the appearance of (N —- 1)-th order
tra-IlS1l'.iOIl amplitude as inhomogeneous term for the determination of the

Nth Order transition amplitude is a general feature of this method. Thus
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instead of finding the contribution from summing over all the intermediate

states it is enough to find an analytical expression for Mn. In the coming
chapters we describe this method to find a closed form expression for the

operator A/If; up to third order in different physical situations by taking
hydrogen atom as the model system.

2.3 Conclusion
In the present chapter, we followed the perturbation theory to obtain ex­
pressions corresponding to higher order matrix element. A general text
book description is presented for the derivation of second order transition
amplitude. We described the general problems associated with the theoreti­
cal formulation for multiphoton process and briefly reviewed a few available

methods used for the treatment of multiphoton ionization. This includes
both perturbative and nonperturbative methods. In the coming chapters
we consider two- and three-photon processes in atomic hydrogen, where we
have used a variation of Dalgarno-Lewis method and obtained the closed
form expression for second and third order matrix element.



Chapter 3

Two-photon processes

3.1 Introduction

We devote our attention to the details of some of the processes which in­
volve interaction of radiation with atomic system. This includes transitions
of atomic electrons between available states, shift in the energy levels due to

this interaction and cross section for scattering of the electromagnetic field
f1'0m the atom. We treat the interaction due to radiation as a perturbation
'50 the atomic system and used perturbation theory for the formulation of
the Problem. As the intensity of the radiation field increases, the transition

“rhich are forbidden by single photon transitions can occur through mul­
t1Ph0130n transitions. In this chapter we investigated various two-photon
Processes like two-photon absorption, elastic scattering of photon and ac­S - - . . .
tark Shlft, which are second order processes in the perturbative analysis

of the Problem.
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3.2 Dalgarno-Lewis method

In the present section we discuss the implementation of Dalgarno-Lewis
method for a second order process. Consider an atomic system interacting
with a monomode radiation field of frequency w and assume that the atom
makes a transition from the initial state l  to a final state I f) by absorbing
two photons. As we have seen in the Section 2.1 this two-photon processes
can be studied using the results of second order perturbation theory. The
corresponding second order transition amplitude in the non relativistic case
is given by

a,_ <f|@f-r1n><n|¢-rm 31./Vlfi 2 (Ei_En+w)
where e - r is the interaction part of the Hamiltonian in the dipole approx­
imation.

The main difficulty in evaluating the above matrix element is the pres­
ence of infinite sum over the complete set of states which includes both
discrete as well as continuum states. This infinite summation over the

complete set of states can be done by Dalgarno Lewis method [10], which
is a very simple and elegant procedure. We can also see from Eq. (3.1)
that the rnatrix element is not defined when w = En — E,-, i.e. when the
incident photon energy correspond to an excitation of the atomic state al­
lowed by one photon transitions. We call these situation as intermediate
resonances. The results of the standard perturbation theory is not valid
for these particular values of photon energy.

For a bound to bound transitions with frequencies of the two photons
being the same, it is a most unlikely chance that there is an intermedi­
ate resonance. But it is possible to have resonance enhanced two-photon
ionization in these cases. One has to relay on modification of perturba­
tive methods to deal with these kind of resonance enhanced multiphoton
processes.
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For the case of second order matrix element like the one given Eq. (3.1)

the method of Dalgarno-Lewis can be implemented by defining one auxil­

iary dimensionless operator D1 such as

<5 - r |r> = (D1H0 _ H001 + @101) |2') (3.2)

where H0 is the unperturbed part of the Hamiltonian for the system under
consideration. The eigenstates of the unperturbed system satisfy the time
independent Schrodinger equation

H0lj>:Ejlj>

where E3 is the energy eigenvalue corresponding to the stationary state
Ii)­

After taking the scalar product of the Eq. (3.2) with | n) we get

(n I c -  = (n I D1H0 - HOD; +wD1
= (En -— E1 + w)(n | D1|z') (3.3)

using Eq. (3.3) in Eq. (3.1) and after canceling the denominator the
Eq. (3.1) becomes

M?=Zvw+mmimw»
Tl

now using the closure relation I n)(n |= I the Eq. (3.1) will reduce to

M@=uw¢Dua we
Now the difficulties associated with the infinite summation is reduced

to the problem of finding an appropriate expression for the operator D1.

Since  is a function of w, we have to keep in our mind the important
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fact that any analytical expression for the unknown operator D1 should
display all the analytical properties present in the definition of the second
order matrix element given in Eq. (3.1).

In order to find the analytical form of D1 we have to start from its
defining equation (3.2). Also from Eq. (3.2) it is clear that the form of D1
depends on the initial state |  Since we are considering transitions from
the ground state of atomic hydrogen we have |  = e"'/ For simplicity
we consider radiation to be linearly polarized along the z-axis. With these
assumptions the defining equation (3.2) for D1 becomes

Z  2 (D1-H0 — HODI + wD1)

where V2 1
H = ——-— — —.D 2 'r

By taking go = e_'”/\/¥ we have

V2 1
(D1H0 - HQD1 + 2wD1)cp = [D1 (*7 —

V2 1

Using this and after some rearrangement Eq. (3.2) becomes

V2D1

By inspection we can see that the operator D1 have an angular depen­
dence given by P1 (cos 9), where P;(cos 9) is Legendre polynomials of order
l and we can assume

D1 = f1('r)P1(cos 6)
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The relations given below are useful for further algebra

Z 1+1V2191 = ——(fr"2i.P[
/\

v(f1(r)P1> = rf{P1+§i1§é,P1
2

V2D1(r) = [V2f1 —  P1 (3.7)

Writing z = r cos 6, from Eq. (3.5) we get

1 2 A A 5 _
TP1 -T 5 [V2f1—  P1 — [T ' (Tfipl — ;S1I16.P1) +uJ_f1P1

After simplification we will gct the differential equation satisfied by f1('r)
as

2

—V2—f1—f1+(w-7_i2)f1=T

Now it is convenient to take f1(r) = rz/1(r) and rewrite operator D1 as

D1(r) = r¢1(r)P1(cos 49), (3.9)

and we can obtain the following differential equation for the unknown radial
function 1,b1(r)dz d

'rF1[11(r) + (4 — 2r)51/11(r) + (2wr — 2)z,b1(r) = 21', (3.10)

If we define the following differential operator

D — d2 4 2)d 2 2131-7‘?-|'( — TE;-f wr— .
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where /\1 = \/1 — 2w, then we can write Eq. (3.10) as

7-71A1¢1 = 27‘

This short notation is very useful for further discussions on the differential
equation and for the determination of the solution.

Here we have used the method of Laplace transform [16] for the solution
of the differential equation. For this we try a solution of the form

a

<I>(p,q,/\,t,r) = /dse_’(’_1}K(p,q,)\,s) (3.11)
Awhere I1—/\ * 1 _r

K<p,q,/\,s>=(1fiL—A) <s+A>”**<s-A)“ * <3-12>
It is very important to note that the integrals in Eq. (3.11) is defined only
if the real part of (q — 1/A + 1) is greater than zero. A detailed discussion
of the analytic continuation of this function when this condition is not
satisfied is given in Section 4.5.

Now we have the following relations satisfied by the differential operator

‘D1/\1

D1;(1(1) = 2wr — 2. (3.13)

We also have the following relations satisfied by K and

%K(p,q,,\, 3) = K [Epi ll +  (3.14)5/\) —
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t

di@(p, q, )\,t,r) = /dse_T(’_1)K(p,q,)\,s)(1 —s) (3.15)r
A

a

3
r<I>(p,q,)\,t,r) = ——/ds5;{e'T("_1)}K(p,q,)\,s) (3.16)

,\

Operating 'D1,\1 on Eq. (3.11) and perform a partial integration and
use the properties given in Eqs. (3.14)-(3.15) rearranging the expressions
we get

v1i1<1><p,q,>~.i,r> = ~(1~»’> (3-11
1

+f e*T"_1}K(p,q, X, 5) {8(p + q — 21) + >\(q -9)}A

Now with appropriate values of the p, q and A we can find the solution.
When p = q = Z we have

vii,<w.i,>~1,w~) = -@"<**1>K(1 + 1,1 + 1,>\1,t>- (3-18)

we also have

K(l,l,>\.1) = (1 — *2)‘

and

'D1@(1,1,)\,1,1') : —K(2,2,)\, 1)

With the relation given in Eq. (3.18) and using the above equation we can
Obtain the solutions to the differential equation Eq. (3.10) as

1 1
”(,b1('T‘) = 5 —  ]_,X]_,1,T')

and M = \/1 - 2w.

Hence for a second order matrix element with ground state of hydrogen
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atom as tl1e initial state, the final form of D1('r) is

2wD1(r) = T  — L3<D(1,1, )\1,1,'r)) P1(cos9) (3.20)

Once D1 is known, using Eq. (3.4) we can determine the transition matrix
element corresponding to various second order processes.

Two-photon selection rule

Selection rules for a two-photon processes can be seen directly from the
expression for the second order matrix element given in Eq. (3.1). Since

l r> = Rnl(r)YlU(61¢) = \/?i;;—1Rnr(r>P1<@@s@>

I9) = 6"/\/1?

z = rP1(cos 6)

the Eq. (3.1) become

\/2l 1 °° 1 1
M5,?) = ij 6-"@~“Rn,(r) --—<r>(1,1,,\1,1,r) dr2 21r 0 LU 2w31r 211'

>< /i P;(cos t9)Pf(cos 9) sin(t9) dt9/ dqb (3.21)0 0
Now the angular part of the integration in Eq. (3.21) can be done exactly
using the orthogonality property of the Legendre polynomials and the re­
cursion relation below

l+ 1 Z
IvPr(1I?) = gP1+1(fE) + Qffipwlliv) (3-22)
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and integrals in Eq. (3.21) will be nonzero only for Z = O and l = 2. Thus
the only final states accessible by two-photon transitions from an initial s
state are s and d states, which are the well known selection rules for two

photon transitions.

3.3 Two-photon bound - bound transition

Here we consider transitions from ground state | ls) to an excited state
| nl) of hydrogen atom, due to the absorption of two photons. We have the
expression for the energy in atomic unit for ground state and excited state
with principal quantum number n as1 1E9 = -5 and En = -5?
Since it is a two-photon process the radiation frequency required for the
transition is

2w = (1 - 1/n2) /2.

For a specific value of principal quantum number n, transitions are possible
Only to the states with particular angular momentum, which are allowed by
the selection rules. For example, when principal quantum number n = 2,
transition is possible to 2s state only, which is a forbidden transition with
Single photon absorption.

For simplicity first we consider linearly polarized light along the z-axis
S0 that e - r = z. Since two-photons are absorbed from the same beam of
laser, there will not be any intermediate resonant transitions in two-photon
bound-bound transitions of hydrogen atom. In general if the two beams
have different frequencies, intermediate resonant transitions are possible.
III the later sections we will see that, in case of two-photon as well as the
multiphoton ionization cases, intermediate resonances can occur.
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W1

initial state
Ii)

Figure 3.1: Schematic diagram for two-photon bound to bound transitions: the tran­
sition is from an initial state I 2') to a final state | f) through virtual states

We have schematically depicted the two-photon bound to bound tran­
sitions in the Fig. (3.1), here two-photons with different energies are si­
multaneously absorbed and the system is excited to a final state. From
the discussions of the previous section we have all the relevant expressions
needed for evaluating the two-photon transition rate. With D1 known, we
can calculate various transition amplitudes from ground state. \/Ve take the

final state wavefunctions of the hydrogen atom to be[19]

If) = if RnI(T)P{(COS 9) (3.23)
where

2 (n +1)! I 1' 21'
R” = E*+2(2z+1fi (n -1- 1)1(2"') exp ("El F (I J“ 1 _ "" 2! J" 2’ '5)

and F is the confluent hypergeometric function.
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In order to perform the numerical analysis it is useful to define the
following quantities

X

In;(s,k)=/drRn;(*r)e_”rk (3.24)
0

OO

1'n¢(P,q, >~.i, /<) = fdr Rn»(r)@_'r’° ‘I’(P,q,>\,t,r) (3-25)
0

Radial integration can be performed in Eq. (3.24) [18] and we obtain

2*“ I (n +1)! (s — l)"“_1In ,l 1 =  »—  *" " 3.26
‘(S + ) n1+2 (n _;_1)g (S + _T1;)n+l+l ( )

and it obeys the following property

3
Ing(8, kt + 1) = -5-gIng(3, /<3) (3.27)

Using the expression for <I>(p, q, /\, t, 1*) given in Eq. (3.11) we can write

n

In;(p,q,)\,t,k) = /dsK(p,q,)\,s)In;(s,k). (3.28)
A

These expressions are used for the numerical evaluation of the transition
8-mplitudes.

Second order transition amplitude

We have the compact form of second order transition amplitude as

M<’>=<r|zD1|@">
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where D1 and | f) is given by Eq. (3.20) and Eq. (3.23) respectively and
|  = exp(—r)/\/'Tr is the ground state of hydrogen atom.

We now introduce a new notation A/I53) to denote the transition ampli­

tude  for the transition from ground state of hydrogen atom to a final
state with principal quantum number n and orbital angular momentum
quantum number L Using Eqs. (3.24)-(3.25) the amplitudes for E = 0 and
l = 2 respectively can be written in a compact form as

2

Mfi,’ = §I,.,@(1,1,A1,1,4) (3.29)
and

4

M53 = 3;/gI,,2(1, 1,,\1, 1,2). (3.30)
The amplitudes for various transitions corresponding to different n values,
can be obtained from the above expressions. After the radial integration is
done, the transition amplitudes for Z = 0 becomes [19]

1

2

= §[dSK(1,1,)\1,8)Ing(S,4)
M

1

25 /(n+3)! (s- %)"'_4
A1 "

and the transition amplitude corresponding to Z = 2 is

1

24 )(n + 1)! (s — l)"'2
/\/1(2) = ———- —————/d ——-——l———K l,1,)\, 3.33)

1

where /\1 = \/1 — 2w.

As mentioned earlier following the Eq. (3.12), integrals in Eq. (3.31)
and Eq. (3.33) are defined only if 1 — 1//\1 > -1. But we need to evaluate
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these transition amplitudes for a range of values of radiation frequency
w such that 1 — 1/A1 < -1 also. The details this analytic continuation
proceedure is discussed in Section .4.5

I-H-I  '  f 5.12.3? .'.-5'35‘-5.3:. .'.3:-iii:   ‘I-ii   .3-5%.‘  f-- .:.;i. '.-Limp.....;:.;:..:......-'.'..‘_'i-- -- -.....:.;...;_.-.'..‘_'..i.........: ..._.. -- -- -  i.

W2

"""""  virtual state

W1

initial state I

Pjigure 3.2: Schematic diagram for two-photon direct ionization, the transi­
tlon is from an initial state I  to final continuum state I f) through virtual
States
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3.4 Two-photon ionization of atomic hydro­
gen

In this section We have studied nonresonant two-photon ionization of atomic

hydrogen, which includes ‘threshold’ as well as ‘above threshold ionization

(ATI)’.

Schematic diagram for the two-photon ionization is depicted in the
Fig. (3.2). This figure corresponds to the ‘threshold or direct ionization’
where the minimum number of photons are involved in the process of ion­
ization.

In the dipole approximation, the differential cross section for two-photon

ionization in atomic units can be written as [15, 9, 30, 11]

d (2) I
in = [gr (I0) |  [2 agwk, (3.34)

where a is the fine structure constant, (lg = 5.2917 >< 10*‘) cm, is the
Bohr radius, I is the field strength intensity of the radiation field, I0 =
7.019 >< 1016W/cmg is the atomic unit of field strength intensity and is is the

momentum of the photo-electron ejected in the direction of the unit vector

it and  is the second order transition amplitude given in Eq. (3.1).
Here the final states are the continuum states. For transitions from ground
state of atomic hydrogen involving two-photons, by conservation of energy

k2
2 — 1 2 = -—w / 2

thus the momentum of the ejected electron k is given as

kt = \/4w — 1 (3.35)
The amplitude for continuum transitions can be calculated by taking
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Table 3.1: Two-photon scattering cross section per unit inten­
sity of)/I for linear polarization when two-photon ionization is
energetically possible.

>1(A) Present Karule“ Gao-Staraceb Chan-Tan‘:

1100

1200

1300

1400

1500

1600

1700

1800

1900

4.001(-34)

s.422(-32)

1.2?4(-32

s.446(-3

s.33'r(»33
9.151 -33

1.02 -33)
1.143 -32)

,1}./'_\/5/5
[OQ/Q/\_/\;

4.00 ­

6.42 -32

1.27 -32

8.45 -3

9.15(-33)

1.03(-33)

/'-\/1/%/%
Q0[Q C)-'1‘Q-/\_/Q/L

4.024-34)
6.44 -32)
1.2? -32)
8.451-32)

9.153(-33)

1.02s(-33)

4.74(-54)

O3l—*/*4/-\/—\/Qt

4.013(-34)

6.303(-32)

1.276(-32)

s.450(-32)

9.154(-33)

1.025(-33)

4.74(-54)

a Karule [21]
b Gao and Starace [9]
C Chan and 'I‘ar1g[28]

the final state wave function as

I r> = 44 Z @‘R11(r>Y1m(1°>11:;,(?5) (3136)
Em

Where Y}m(.) are the well known spherical harmonics. Here the radial part
of hydrogen atom wave function for an attractive Coulomb potential can
be taken as

nF(l+1-"'i’Y) 1'1;
R;¢;(T) : 6 '2  61  + 1 '— 1')’, 21 + 2,

Now substituting Eq. (3.36) and Eq. (3.19) in Eq. (3.1) and after performing
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the angular integration we obtain the second order transition amplitude as

Mi’) = I>§,2lY00(iE) + D§f)i’,0(E) (3.37)

where 8
D82) = Kw/drR;0(r)r4¢'1e" (3.38)

1671' , _T
'D§2) = -5%/drRk2(r)'r4v,b1e (3.39)

It is useful to note that the form of the amplitudes are consistent with
the selection rules for two-photon transitions. Substituting the above ex­
pressions in Eq. (3.34) and integrating over the emitted electron direction
we obtain total two-photon ionization cross section for linear polarization

aff) as [14, 106]

(2)0 a
% = R-6a3{|1>§,2> |’ + | 22;’) R} wk (3.40)

These integrals can be put in a neat form using the notations we have
defined in the previous section.

Circularly polarized light : Using the Clebsch-Gordan algebra, we can
similarly write the cross sections for circular polarization as [14, 106]

ggi = ——9—ag-9: |D(2) I2 wk (3.41)I 41rI0 2 2
Here we can see that the contribution is only from the Z = 2 states.

Now for a given wavelength of the radiation, we can compute the com­

plex amplitudes D?) and D?) by performing a numerical integration in
Eqs. (3.38) and (3.39). Numerical discussion will depend on the value of
the laser frequency. In particular, for the case of below threshold photon
energies (0 3 w < 1 / 2) /\1 is real and we have to rely on analytic continua­
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tion discussed in Section 4.5 if (1 — 1/A1) < —1, for the evaluation of these
cross sections.

Above threshold ionization

Two-photon above threshold ionization occurs when energy of one of the
photon exceeds the ionization energy of the hydrogen atom [6, 27]. For
these photon energies both two-photon and one-photon ionization occur si­
multaneously. For the case of Green’s function method where the Sturmian
expansion is used, the transition rates diverges and K amle used Appel func­
tion in order to make it a converging one for the relevant photon energies
[21]. Other authors have even used WKB approximation for the evaluation
of the scattering crosssection [38], and is found to be valid for multiphoton
ionization of highly excited atoms.

Schematic diagram for the two-photon above one-photon ionization is
depicted in the Fig. (3.3). This figure corresponds to the ‘above threshold
ionization’, where with single photon itself the ionization occur. This simul­
taneous one-photon as well as two-photon ionization can be measured by
investigating the ejected electrons energy distribution. The probability of
such a processes is less compared to the one-photon ionization probability
and but the ejected electrons have more kinetic energy than the electrons
ejected by single photon ionization.

Since w > 1/2 in this case, A1 = \/1-TE is purely imaginary. Thus
the analytic continuation for this case is very simple because the condition
3? [1 — 1//\1] > O is always satisfied and the expression given in Eq. (3.38)­

(3.39) are all well defined for all values of w > 1/2. The peculiarity of
our method is that, the analytical continuation can be done in a straight
forward and very easy way.

The values obtained are presented in Table. 3.1 for linear polarization
and in Table. 3.2 for circular polarization. The values inside the brackets
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I

W1

1 1')Q i i i initial mtg
Figure 3.3: Schematic diagram for two-photon above threshold ionization: the tran­
sition is from an initial state I i) to final continuum state I f)-both two-photon and
one-photon ionization occur simultaneously. The virtual state lies in the continuum.

are exponents.

3.5 ac-Stark effect

In presence of intense laser field, the atomic levels are displaced (shifted or
broadened), these stimulated radiative corrections are known alternatively
as the ac-Stark shift, the light shift, and sometimes as the Lamp shift. In
the present section we briefly summarize the application of Dalgarno Lewis
method for the evaluation of these energy shifts.

Our aim is to get an analytical expression for dipole dynamical polar­



3.5 ac-Stark effect _

Table 3.2: Two-photon scattering cross section per unit
intensity ag)/I for circular polarization when two-photon
ionization is energetically possible. The values given in
brackets are exponents

MA) Laplache“ Present

1100

1200

1300

1400

1500

1600

1700

1800

1900

4.2s4(-34)

v.725(-32)

1.s79(-32)

1.270(-32)

1.35s(-32)

1.49s(~32)

4.241(-34)

7.731(-32)

1.s74(-32)

1.26e(-32)

1.2s2(-32)

1.353(-32)

1.493(-32)

1.636(~32)

6.63(-54)

0‘ Laplanche et al. [25]

izability from which we can calculate the level shift and level width. The
second-order level shift for atomic hydrogen was previously calculated in
both perturbative and nonperturbative methods [93, 94, 95, 96, 97, 98, 99,
100] and experimentally studied in some atomic systems[101, 102].

An analytical expression for the second-order ac-Stark shift of the
ground state of atomic hydrogen can also be derived within the frame­
work of perturbation theory. The level shift depends on the intensity and
the frequency of the radiation. The complex second order shift Am is given
by [93, 95, 9?, 98]

I
N2) = 55(2) _ 11*’) = —T'r(2)(w) (3.42)0
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Its real part 6E(2) is the energy shift and its imaginary part PO) gives the
level width, I and I0 = 7.016 >< 1016 W/cm2 are the laser intensity and
characteristic atomic field strength intensity respectively. Here 1(2) (w) is
the dipole dynamic polarizability given by the expression

7(2) ___.  {<9 l 52$‘;  l gl + (9 l €('ggl l 9)} (343)

where E3’ are the intermediate state energy and E9 is the ground state
energy. First term in the bracket is the absorptiomemission term and the

I

second is the emission-absorption term.

Dalgarno Lewis method

Proceeding as in the previous section the infinite summation over the com­

plete set of states in Eq. (3.43) can be performed exactly by defining a set
of operators F and 13, such that

c - r lg) = (FH0 -— HOF + wF) lg) (3.44)

6* - r lg) = (1,-EH0 — H017‘ — cu?) lg) (3.45)

where H0 = —V2 / 2- 1/r, is the unperturbed Hamiltonian for the hydrogen
atom and lg) = e"/\/-7? is the ground state wave function in atomic units.
With the use of above definitions and the closure relation El l  l= I the
expression in Eq. (3.43) for dipole dynamical polarizability will be reduced
to

#2’=<gse*-rFlg>+<gae~rF|g> (3.46)
so the infinite summation over the intermediate states are reduced to the

determination of the operator F and  Using F = c - r f (r) and F ==
6* -r}7("r) the differential equations satisfied by f (r) and f('r) are found to
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Table 3.32 Comparison of the values of dipole dynamical polarizability in
atomic units for below one photon ionization threshold w < 0.5. In the limit
cu —> 0; 'r(2)(w) approaches the dc polarizability which is -4.5.

w(a.u This work ABM “'
0.001

0.002

0.02

0.04

0.08

0.10

0.20

0.43

0.46

0.465

0.477

0.478

0.489

4.50003 —
4.50011 --—
4.51066 -4.51
4.5429 -4.5431
4.6775 -4.6776
4.7843 -4.7843
5.9416 ~5.94l6
0.2971 —
3.9273 —
3.0867 —
1.2644 —
1.9330 —
0.6465 —

° Values obtained iiising Coulomb Green function by Amous et al. [93]
with an additional w_2 factor as explained in Section 3.6.

be

dr
d2 d

r—-§f(r) + (4 — ‘2r)$f(r) + (2wr — 2)f(r) = 21* (3.47)Id2 ~ d ~ ~
r~——f(r) + (4 — 2r)Ef(r) — (2wr + 2)f(r) = 2rdrz

Solutions

Again using the method of Laplace transform [115] for the solution of differ­
ential equation we can obtain the solutions to the above differential equa­
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tions as 1 1

.f(T) ': 5 _ fi®(1&1v)‘1]->7‘)and 1 1
f(T) I 5 + Z'u*§‘I)(1,1,A, 1,7‘)where t

<I>(p, q, A, t,'r) = /ds e_'(’_1)K(p, q, A, s) (3.50)
/\

/\

500, q, /\, t, 1") = f d8 @_r("1)1?(p, q, >~, S) (3-51)
t

with 1 /\ % A _;
K(p,q,/\,5) =  (5 + )~)p+* (s — )\)q " (3.52)and I"‘ A _ 1 i 9+ 1 q— 1
K(p, Q, /\, 8) = ml  + 8) X (/\ — S) TX

where /\ = \/1 —— 2w and X = \/ 1 + 2w. As in the previous case these expres­

sions clearly displays all the analytics properties present in the perturbation
theory result. Using Eqs. (3.48)-(3.49) in Eq. (3.46) we get

002 _ ,. ~ ~
¢<2>(w) = $3-/dre 2 r4{<I>(1,l,/\,r)—<I_>(1,1,/\,r)} (3.54)

0

With the use of I defined in Eq. (3.25) the final form of the dipolar
polarizability becomes

<2>=l_ '” ” _T 3w3{I(1,1,)\,1,4) :z(1,1,A,1,4)} (3.55)
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where

O0

f(p,q,/\,1,n) = /dre"2’r"<’f>(p,q,)\,1,r) (3.56)
0

,\

= ... >~~1 i /..<*+8>”*i<>~-W' /\+1 (1+$)~+1
1

I(p,q,A,1,n) = /dre-2°'r"<I>(p,q,/\,1,r) (3.57)
0

mp‘
S3...
En

_ n, 1-/\ i (3+>\)P+i(s-A)‘*-ii_ ' 1+/\ (1+s)"+1
In the limit w ——> 0, the expression for A should approach to the corre­

sponding dc- stark shift corrections (i. e. , dc stark effect) and the dynam­
ical polarizability tends toward the static dipolar polarizability which is
9/2. Our numerical results are consistent with this observation. In Table.
3.3 these values are listed for w below one photon ionization threshold ie,
w < 0.5, and we can see that even when w = 0.001, this value approaches
the value of dc polarizability(i. e. , 4.5).

The discrepancies arise with the values obtained by CGF method [93]
within a factor of 1/wz, but we have checked our calculation by looking at
the result when to —> O i. e. , the dc limiting case. With this inspection we
found that we get exact values for the polarizability with values of Maquet
et al. . [93], if we use w insted of 013 in the denominator of the expression
for polarizability.

Dipole dynamical polarizability in atomic units for above one photon
ionization threshold is also presented in Table. 3.4.
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Table 3.4: Comparison of the values of dipole dynamical polar­
izability in atomic units for above one photon ionization threshold

w(a.u) This work

Re 'r(2) (w) Im 'T(2) (nu)
ABM “ This work ABM °

0.6

0.7

0.8

1.0

2.0

3.0

4.0

5.0

6.0

9.0

3.297

2.493

1.915

1.205

0.275

0.117

0.064

0.041

0.028

0.012

1.915

1.205

0.275

0.041

0.01008

2.505

1.408

0.850

0.362

0.023

0.004

0.001

0.0005

0.00027

0.000049

0.0000319

0.8506

0.3627

0.0239

0.00057

0.0000310 0.010081
° Arnous ct al.

3.6 Elastic scattering of photons

Kramers-Heisenberg formula alternatively called as dispersion relation
plays an important role in the scattering theory. Most of the scattering
cross-section is essentially given by the Kramers-Heisenberg equation [108]­
Considering its existence for very long period, very few attempts were made

to evaluate it analytically [109, 110].

Similar to the ac stark shift this is also a second order process and
includes the evaluation of the second order matrix element. Evaluation of

the perturbative matrix element containing infinite sum running over the
whole hydrogenic spectrum (discrete and continuous) is performed by using
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It is useful to note from Eq. (3.58) that the differential cross section for

coherent scattering of photons is just the Thompson cross section modified
by the dynamic polarizability. In a similar fashion we can consider Raman
effect where initial and final states are different, thus the matrix element
will be from the ground state to a final state through intermediate states.
The analytical expressions for P (w) is derived earlier using Coulomb Greens

Function formalism (CGF) [110] and Schwartz and Teinman [109] method.

A slight variation of the formalism we had used in the earlier sections is

used here. The infinite summation over the intermediate state in Eq. (3.59)
is performed here by defining a set of operators U and if such that,

5
Q1
+
E
Qi

pm = (EH0 - ) 19>
p 19> = (EH0 — H05’ - ) 19> <3-60>

1-:

$1

Proceeding as in the previous sections now the expression for [VI will become

2 -—> ——>
M=1+§(<g|p~v|g>+<g|p-M|g>) (3.61)

Thus the evaluation of the infinite summation again reduced to finding

the appropriate operators T? and if satisfying the Eq. (3.60). To obtain
the explicit expression for these operators, we use the coordinate space
representation by taking p = —1LV,H0 = —V2/2 — 1/1",? = ru(r) and
Z1) = rfi(r), then the Eqs. (3.60) becomes

2

rééfiu-(r) + (4 — 2r)%u(r) + (2wr —- 2)u(r) = 22' (3.62)
2d "' ii-'" - '" — 22"

rFu(r) + (4 — 21') dTu(r) (2wr + 2)u(r) ­

These differential equation has the same form which we considered in the
earlier sections. By using the same method the solutions to the above
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differential equations are

en») = _-2:)_2<1>(1,1,i,1,1~) (3.63)and _
aw) = 5f§<i>(1,1,I\',1,r) (3.64)

where A = \/1 — 2w and X = \/1+ 2w. Substituting the values of u(r)
and fi(r) in Eq. (3.61) we get a closed form expression for the Kramers­
Heisenberg matrix element and it will take the form

8 O0 __ 3 "" ""'
JV! = 1 — £35 /dre 2??‘ {<I>(1,1,/\,1,'r) —- <I>(1,1,/\,1,r)} (3.65)

0

With the definitions given in Eqs. (3.25)-(3.56), the Kramers-Heisenberg
matrix element will take the form8 ~ ~

M-1- $5{I(1,1,)\,1,3)—I(1,1,/\,1,3)} (3.66)

If the incident photons are unpolarized and the polarization of the scattered
photons are not observed, the differential scattering crosssection has the

standard form 1
do = r§5(1 + c0s29)lM|2dQ (3.67)

Numerical discussion

Evaluation of all the integrals coming in the final expressions of various
sections has to be evaluated numerically. For numerical evaluation the
more convenient form given in Eqs. (3.26) and (3.56) has to be used. The
radial integrals are done using the standard integrals, and all the final
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Table 3.62 Real and Imaginary part of Kramers-Heisenberg matrix element for photons
of energies above one-photon ionization threshold (w > 0.5) and comparison is made with
values in Ref. [110].

w(a.u)

ReM ImM
This work Ref. [110] This work Ref. [110]

0.6
0.7
0.8
0.9
1.0
2.0
3.0
4.0
5.0
6.0
7.0
8.0
9.0
10
20
30
40

1.1872
1.22161
1.22612
1.21842
1.20598
1.10007
1.05696
1.03685
1.02589
1.01924
1.01489
1.01188
1.00971
1.0081
1.00236
1.00112
1.00066
1.00042

1.1872
1.2216
1.2261
1.2184
1.2059
1.10007
1.0569
1.0368
1.0258
1.0192
1.0148
1.0118
1.0097
1.0081
1.0023

0.9018
0.6900
0.5444
0.4400
0.3627
0.0958
0.0421
0.0231
0.0144
0.00977
0.00699
0.00522
0.00403
0.00319
0.00066
0.000262
0.000133
0.000075

0.9018
0.6900
0.5444
0.4400
0.3627
0.0958
0.0421
0.0231
0.0144
0.00977
0.00699
0.00522
0.00403
0.00319
0.00066

50
90 1.00014 — 0.0000196 —

expressions involve only one dimensional integrals, these has to be evaluated
numerically for various values of incident frequency.

If the photon energy is below the one-photon ionization threshold (0 §
w < 1/2) A1 and /\ are real. The integrals can be evaluated by proper
analytical continuation (given in Section 4.5) without additional difficulty.
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3.7 Conclusion
In this chapter we have presented the application of Dalgarno Lewis method
for the evaluation of various amplitudes related to two-photon processes.
All these processes are treated in an unified manner. These two-photon
processes includes, two-photon bound bound transition probabilities, two­
photon ionization cross section which includes both above and below thresh­

old ionization, ac-Stark correction and finally the Kramers-Heisenberg ma­
trix element which is relevant for the study of elastic scattering of photons.

In the Section 3.2 we have described the method which implicitly carry
out the summation over the complete states. Then we have obtained an al­
ternate expression for two-photon bound-bound transition probability am­
plitude using Dalgarno-Lewis method. In the Section 3.4 we have obtained
the relevant expression for two-photon ionization cross section for both
linear and circular polarizations. Then we have obtained an analytical
expression for the shift in the energy level of hydrogen atom due to the in­
teraction with the external field and is presented in Section 3.5. Finally we
have obtained the closed form expression for elastic scattering of photons
from ground state of atomic hydrogen, we have presented the results and
compared the obtained values with available results in the literatures.



Chapter 4

Three-photon processes

In the present chapter we consider three-photon processes especially, tran­
sitions from the ground state to an excited bound state and ionization in
hydrogen atom due to three-photon absorption. We obtained closed form
analytical expressions for bound to bound transition probabilities as well
as the cross sections for three-photon ionization for both linearly and circu­

larly polarized light, for a wide range of photon energy including the near
resonances.

This chapter is a continuation of the analytical method considered for
two-photon processes in the previous chapter. Here we have extended
Dalgarn0~Lewis procedure for the evaluation of transition matrix elements
for three-photon processes also. As in the case of two-photon processes,
here also we have to find solutions to a set of inhomogeneous second order
differential equations. The integral representation of the solutions to these
equations are obtained and its analytical properties are studied. A discus­
sion on the analytical continuation of the solution, which is essential for
the calculation of above threshold and near resonant transitions, are also
presented. Finally the calculated numerical values for three-photon cross
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sections are compared with a wide range of available numerical results ob­
tained by different methods.
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Figure 4.12 Schematic diagram of a typical three-photon ionization by successive ab­
sorption of 3-photons. The intermediate virtual states denoted by dotted lines are com­
plete set of states. When these states matches with the bound states resonances occur.

4.1 Three-photon transition amplitude
In the present section we consider the atomic hydrogen absorbing three
photons simultaneously with frequency w, and make a transition from an
initial state I  to an excited state I f ) allowed by the three-photon tran­
sition selection rules. We have used perturbation theory for studying these
effects and this is an extension of the discussion in the previous chapter.
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In the dipole approximation the three-photon transition rate for a general
transition from an initial state | 11) to a final state | f) can be calculated
using the third order transition matrix element

mg) =  (f |(fE'n"_l   ii) (41)
Our main objective is to obtain a compact expression for the matrix element

given in Eq. (4.1) exhibiting all analytic properties of it as a function of the
incident photon energy w. The problems associated with the two photon
processes are also present here and the presence of an additional infinite
summation makes it more complicated.

4.2 Dalgarno-Lewis method

In order to perform the infinite double summation over the complete set of
states including contribution from continuum states, we have made suitable
modification of the Dalgarno-Lewis procedure discussed in the preceding
chapter. For this we have to define one more auxiliary operator D2 in
addition to D1 (given in Eq. (3.2) of the Section 3.2) and these operators
are defined using the relations

6 - I‘ l  = (D1Hg — HQD] -|- LUD1)  (4.2)

6 ' FD1 I = (DQHO — HQDQ + 2U.)DQ)

where H0 is the field free Hamiltonian of the system which obey the fol­
lowing eigenvalue equation

H0|n)=En|n).
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Now proceeding in a similar manner as in the previous chapter, the operator
D1 can be used to remove one of the energy denominator. Then with the

use of closure relation Zn, I n')(n' |= T one of infinite summation can be
eliminated. This is done by taking the scalar product of Eq. (4.2) with | n’)
to obtain

<72,’ | €'I‘| I (Tl, l (D1H0—H0D1+wD1)]z')

= (E,- — En: + w) (n' | D1 |  (4.4)

substituting the above relation in Eq. (4.1) we can write

Ml?’=2‘E"E"'YZ,3§flf;’2lf§Zl§1.li'§¢'I"l§""””>~ <4»

Canceling out one of the energy denominator and using the closure relation

| n’ )(n' |= I the expression in Eq. (4.1) becomes

: _Z:  l    l g> . (4.6)
Similarly by taking the scalar product of Eq. (4.3) with (n | on both sides
we will get

(T1 | 6 - I‘D1 ll) = (Tl, I (DQHQ — HQD2 -l- LJDQ)

= (E; —— En + cu) (Tb | D3 I  (4.7)

Now using the above relation in Eq. (4.6) we can cancel the remaining
energy denominator, finally using closure relation Zn |  I: T, we can
write the third order matrix element as

M}? = <f 1 6 .102 | 1). (4.8)
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Thus the problem of finding an analytic expressions for the transition
matrix element is reduced to a problem of finding operator D2. We have
already seen that the operator D1 is used to calculate matrix element for
various two-photon process and it appears as the inhomogeneous term for
the determination of D2 in the Eq. (4.3). As in the previous case of
two-photon process our goal is to find an analytical expression for D2.

Again we are considering the case of atomic hydrogen which is described

by the Hamiltonian
—V2 1

H°:T_¥
and for simplicity, first we consider linearly polarized light along the z-axis

so that <2 - r = z. By taking I 11) = e"/J? = (,0 we can write

V2 1
(DQHQ — HQDQ + 2wD2) (,0 I [D2 (—-—2— ——

2

— (—l —  + QQJDQ]2 1'
After some simplification this becomes

VQDQ

zD1<p = ?—go + VD; - Vnp + 2wD2<p (4.10)

The separation of the radial a11d angular part of the unknown operator
D2 can be done by writing

D2 = Z:f;('r)P;(cos9). (4.11)
I
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Using the following properties of P;(cos 6)

zz 1V21’; = --ll-)P, (4.12)
7.2

cos2(f-9) = 2P2(cO§ 6) + 1

we have
I\

wag = ZFr;<r>Pi+Z§,w>%sZ I
V292 = Z {V2fz(T) - £%;~Qfz(")} Pz(¢°S 9)­i

With the above mentioned identities and using the expression for D1(r)
as

D1 (r) = 'r1,b1(r)P1(c0s 9). (4.13)
we can see that, Eq. (4.10) will take the new form in f;(r) as

1 l 1+ 1
?'C°S299("”) = Z 5 [vzfz — l;2—lfz] Pl - fi'Pz + 2wfzPz (414)I

Using the recurrence relation of P; given in Eq. (3.22), in the left hand side
of the above equation, we can see that, from the partial wave expansion on
the right hand side, the contribution is only from l = O and Z = 2.

Comparing the coeflicients of P;(cos 0) on both sides of the Eq. (4.14)
for l = O and Z = 2 we get, the differential equation satisfied by f2(T) and
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f0(T) as

Q-7t\3C~>r-1

-me) = %V2f0 - fa + we

—rg(r) = é [Vgfg — -T92-fg] — fé + 2wf2. (4.15)

Using the polar form of V2 we can write

v%w~> = ;§;ri<r> + §%fm~>­

Then the differential equation satisfied by f0(r) and f2(r) can be rewrit­
ten as

CORD
*3

(Q

fa’ +  — 1) ma +4~»fo = ­

f5’ + 2  -— 1)  — 2- 201) fg = —1'g (4.16)

Calib­

Now we define new radial functions ¢q(1") such that

fz(?") = 1“I111(?‘),

this gives the final form of D2 as

D2(r) = $0 (1') + "r21p2(r)P2(c0s 6). (4.17)

From the Eq. (4.16) the differential equations satisfied by the unknown
radial functions 1_b0(r) and 1/1g(r) ared2 d

¢~»I=>Cut\D
‘i

on

Tgrigl/)[)(7') +  — 2'I‘)a1/)[)(T) + 4u)T"l,b[)(T) = 'l;§1(T‘)

r%:z/2g(1‘) + (6 —— 2r)Z%1,b2(1')+(4wr — 4)1,bg(r) = ,—1’qb1(r) (4.19)
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In connection with the two photon processes, we already have the differ­

.1tial equation satisfied by 1,b1(r) derived in the Section 3.2 of the previous
1&plZ€I‘ as

rB(%¢1(*r) + (4 — 2r)%z/11('r) + (2wr — 2)r,[11(r) = 21', (4.20)

low ¢1(r) appear as the inhomogeneous term in the differential equations
)1‘ ibo and 1/J2 associated with three-photon processes. In general as one
oes to higher and higher orders in perturbation 1,b’s corresponding to the
)W6I‘ order process will appear as a inhomogeneous term in the differential

quations for the determination of 2/1’s corresponding to higher process.

It is straightforward to see from Eq. (4.8) that the infinite summation
ver the intermediate states are now reduced to the determination of the so­

itions of the inhomogeneous differential equations in Eqs. (4.18)-(4.19). It
lso clear that the evaluation of three-photon transition amplitude requires
he the knowledge of the the two-photon transition amplitude.

Now our aim is to find an appropriate solution to these differential equa­
ions, which eventually give the transition matrix element corresponding to
hree-photon transition from the ground state of hydrogen atom, without
xplicitly summing over the complete set of states. The above Eqs. (4.18)­
4.2O) can be written in a more general form by defining the differential
perator DD‘, as d2 (1

D», = rp + (2; + 2 - 203; + (1 - ,\?)r - 2:. (4.21)

rhcre A; in DUI corresponding to the three values of Z are

/\1 I \/ 1 — 2w
A0 = /\2 = V1 —- 4(4)
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The Eqs. (4.18)-(4.20) can be written as a single equation

'Dg)\l’l,D;(’!‘) = h3(T) (4.24)

where h1(r) = 21*, h0(r) = (2/3)r31/:1(r) and h2(r) = (4/3)r¢1(r). The
equations (4.18)-(4.20) can be obtained from Eq. (4.24) by taking Z = 0,2
and 1 respectively.

The general properties of the above differential operator DMZ can be
established by operating it on an arbitrary function <p(r) and this leads to

d
'D;;(rnp) = 'rD;i<p + 21"5<p + (2! + 2 7- 2'r)g0 (4.25)

We can again try to find a solution to the differential equation given in
Eqs. (4.18) and (4.19). In order to solve for 1,b0(r) and z,b2(r), 1/11 should
be specified. The closed integral form of 1/11 is given in Eq. (3.19) of the

Section 3.2 is 1 1
’l!)1(T') = 5 —  1, A1,1.,T)where t

<I>(p,q,)\,t,r) = [d$e_"(8_1)K(p,q,)\,$)
X

and
11-“A x p+l q_l

K(p,q,)\,S)= fix  >‘(8—/\) A
Here p, q are real numbers and Xs are in general complex.

In order to solve the differential equations satisfied by 1,/2
have to find solutions to the equation of the form

1

D;A,\II;(r) =12 / e_"("])k(t)dt/\z

92111

(4.26)

(4.27)

(4.28)

1.492, W0
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where B is a constant and k(t) is given. Let us take \II;(r) of the form

1 k(t)
mm) = Ldim!+H+1,/\’t)<1>(z,z,,\,¢,¢) (4.29)

= [Idt Mt) ftdse_"(°_1)K(l z A S)Q K(l+1,l+1,A,¢) A ” ‘
Direct substitution of Eq. (4.29) in D;;\l\II;('r) gives us

1 k(t
’Z);,\_l\Pg(T) = [a dtK(l+1,l_)|_1’/\’t)’Z);,\I‘I)(i,l,)\,t,7‘)1 k(t)= d - -"<*-1) z z

A tK(l+1,£+1,,\,t)( )6 K( +1’ +1’)"t)
1

= -/ dte_’("1)k(t) (4.30)

Solution for v,[)0(r):
We have the differential equation satisfied by 1,b0(r) as

D0M)'iv[)0(r) : §T3w1(T)

In order to facilitate the process of finding the solutions, the following
properties of the operators D0)“, are very useful

'D0)\0@(1, 1,/\1,1,'!‘) = — K(2,2, /\1, 1)-F (4.31)
(2w'r + 2/\1)<I>(1, 1,)\1, 1,1") + 2<I>(1, 1, /\1, 1,1‘)

DOM [T <I>(1, 1, A1, 1,r)] = — 'r K(2, 2, /\1, 1) + (2w'r2 + 2)<I>(1, 1, /\1, 1, r)

(4.32)



4.2? Dalgarrio-Leviris method A 85
we also have

D0>(U<I>(0,0,)\0, 1,1‘) = —K(1, 1, A0, 1) (4.33)

D0;\0(1) = 4wr (4.34)
’Dq;(O("r) = (2 — 21") + 4w'r2 (4.35)

’D0;(0(r2) = 61" + 271 + 4W3 (4.36)

and

1 2 T 1. T 2 ®(0,0,A0,1,T) 3_ _ _ - - _ -A  = 4.37
DOA” 4w {T + w + 2w(w 3) w K(1,1,)\0,1) T ( )

With the above properties and using the Eq. (4.30) we have obtained
the form of 1,b0("r) as

2 7'2 1 3 1
'¢0(r) = ii-5  + Z*u§(1 — 2A1) —  — ®(0,0,A2,1,T)1 X1 1 1

_@{'r2_|_U?'——;(1+XI)}@(1,1,/\1,1,T‘)
11 1 K(1,1,)\],i)

-3 1-l""" ‘/‘dtL———-——i3w4( )\1)A K(1,1,/\2,t)11—2w t 2 2—————-———— -~ ¢*0U,)\,, 4.38><(w(1+/M) Q t+A1+(t+W) <, 2t1')( >

Solution for 1[)2(r):
We have the differential equation satisfied by '1/12(*r) as

4

P2»2¢2(v") = §T'(’1(7')

Proceeding in a similar manner as in the previous case, we use the



llowing properties of the differential operator 'D2;(2

DQ,\._,(I>(2,2,}\2,1,7‘) = —K(3, 3, /\2,1) (4.39)

D2g2(1) = 4&1?‘ — 4 (4.40)

1 1 (I)(2*,_2,/\2,1,T') _
D2“ {Z5 _ w K(3,3,)\2, 1) l " T (441)

<I)(2,2,)\g,1,7‘)12 4 4 = .mi K(3,3,)\2,1) l 1 (4 42)

1 1
2»,  — W‘I>(1,1,>\1,1,'Y‘)} =

14 1 1- - - <I> 1,1,4 ,1, -- 4 "("‘1)K 1,1,1,>\ 4.433wT 340371 ( 1 T) + 30.13 /A1 Se ( 1,8)S ( )
2 can obtain the final form of ¢2(r) as

11 1 2 K(1,1,,\1,¢)z> = — — —————<I> 1 l A 1 ——— ——-—i—( 7 I 17 7T) +  K(3’3,1

(4.44)

lbstituting the above expressions in Eqs. (4.13) and (4.17), we can obtain
e analytic expressions for the operators D1 and D2. Hom this we can
»tain a compact form of third order transition amplitude as

M}? = <r r »->02 I g>. <4-45>

this discussion we have considered the initial state I 2') to be the ground
at-e I g) of hydrogen atom. With this we can obtain amplitudes for three­
lOtOI1 process corresponding to bound state transitions as well as ioniza—
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tion cross sections from the ground state.

4.3 Ground to bound state transitions

In the present section we are going to consider three-photon transition
from ground state to an excited bound state of atomic hydrogen. In order
to obtain the three-photon transition probability, we have to evaluate the
corresponding transition matrix element given in Eq. (4.1). With Dg(r),
defined in Eq. (4.17) of the last section, we can calculate various transition
amplitudes from ground state to excited states allowed by the three—photon
selection rules.

The schematic diagram for three-photon bound to bound transitions
are depicted in Fig. (4.2). In order to have a three-photon transition from
ground state, system has to absorb three photons simultaneously. Here
we are considering the three frequencies to be same cu] = (1)2 = w3 = w
i.e., all the photons having the same energy and by energy conservation
law E; — Ei = 3w. The dotted lines in the Fig. (4.2) represent the in­
termediate virtual states, which are in general, not the eigenstates of the
system. Depending on the energy of the incident photon, it is possible
that one or both the intermediate state can coincide with the eigenstate of
the system, which leads to the ‘resonance enhanced transitions’. We can
see that the perturbation theory break down for these particular values of
photon energy. This is reflected as the singularities of the matrix element
given in Eq. (4.1), Because when En —- E, become 2w or w one of the the
denominator in this equation vanishes.

Since the analytical expression for the bound states of atomic hydrogen
are known we can evaluate the matrix element in the Eq. (4.8). For a three­
photon transition from the ground state to an excited state of principle



3 Three-photon processes

:§~€"“*»“*¢* Q2-4nv
vo->,-/j§,,.,
§;2vi°'Z'.~.$‘v M,“

°'°"°'*~,._,,3-°<~>g-3»-M§'$t~.,l..:s---1}§:'zrz

\~<»'~>
°*~v->»¢.~3 v
;:.:21;~;§;£j*x¢hVAy¢/Q
‘¥g‘.§:‘°;.1,':s'<-2‘­' “" “'2-5 '
zggém 5%¢ '°" M-<>»w<

;?°*<‘"~Y¢Xv~v*° rvxo-vw
mm,» ('7

F’€.::"¢19'¥"::.§sWrit;-w .3l,.~¢., , K-5
Qfinvxagzziii:"’~“0 04 A 33,

ggrgrsrz-5:Z'¢§;wt‘ V3,, V w~ $.32 "*1 154»
j' ,_x¢'€3fi-0'AvAi

'°°)\'¢x¢~..<%;§;vd
;_§_§->"$~’§1;zz:" >MVMM '_n-w<­
QVQAQ v¢.¢g WQ-;_,
“::°:‘~»*‘é@"4», flu W

E‘>:'::s:€Za:*’$?§
r“'~{ao:v¢.,,,.y%,"‘Z'_°V”? I“8“‘z¢ s;§13"~3 iota‘V. Zvs
W» .Mi;=;;_~;
§Y?2€§§;:;v:*:*
;3x¢xv3¢,.,,,, Y

r§;<~;‘:."‘;<,;s':: 3tx:;s"** ~»GA” ¢y§A¢

fist:-",,.*'~"~""“°”
;§;:§§§§

§§"§'~@’;~’£-1”" Av »¢>
¢~<¢-3.3 , of

$5: H§$'Z€: ;*0‘; xtxvigv
'~>'~‘~(~ §¢>-..,Wm/w,,,.
»>$¢§'°., "*3 3 '
v3w>»3-».3’3§,3r vQ.¢ 3W3“ 3 <- a-0 V>-M-»»‘°'_$ "* MM¢‘V2;°;:°0>¢6Kv~yox
:§;:-<<~;_;<-°*‘<
<35;-§$§<'-K

‘$:::§g"°36-"'0 A-At
¥‘2$i.1‘
;§::;**§
33;“ W2: ‘
(7,. *°~ sax
aréw gent;
‘W’ ‘ 's:°*"-5
‘gggv \_’;2‘38.’L­X»!$3 v v,.~.§§.,,,.,0,“ *Q’~>0vxo-(

mo NI ‘E3;-_<;°wwfi’; A . '
$2§2~.M§E§§1;j_§°'“':~  -~mg32$“ $13134(V VA i{,, ‘- ~ ~ ». 2: it~ wmm

, °3>»a-w:-.­‘~33 i,
Axzzcxg

i$:r::<> W»
~»->»M-ZZ°.t;"g

g3»-=';»¢ww$,;,_­
,f3:§,3I?l‘?2,°)’,,i
Q-<;_’vi'~<§’“Z$:8?; i‘V*Av VAv»x.‘t»,,

E~f3;w.,»..,,
"@'r<-wit ->

;'2.8xr,2;,2;*¢,
"'_","“°;_:'-vo~,w
¢§§;3;§:s:s~W
vi» ,2: 1'“V 0» v33.“ ;< »

~-- W ‘ ---- -"v-v\ ‘Q '-"V"! ",3 -'\\Y 3,.‘-~~ ..-.2“;-~~-~ ~~.v "'?‘VW' v W v;,_ --- \V'4\'V ; ~~~—-- , ‘jg;-,;-—-w.w.W_,, ----~ -xv“:-<3 1,-';—--—;-\-M J V vx , --—~ AV! *,*;g!;¢§—-~­
??§‘:*s§§€§ * "'.§§§‘:;$§;;§§:§f§;%;§§i§na§§}§§’§¢:§z§¢§;3?: V . >3§¢:;»;§§,"~ ivy x::?:*@§§$; ~» $3’ ,¢§gg§rs§;:;;:F%:<>mfié ~>* w < “Q33 <¢§., 3;;,~>9<><E>t§§3_; Qwitfi Z-°~3~=->.¢E’ , A 3 315;? 0-O< 2,, ~>-W» ,_ §¢»»>l"Z;4 >-3'?» 3§ifg#¢§’: .3>~>~§ii‘;::§<~>~¥~?§3i;::;>§¢§;"£s¢§;~§fi&§f%z 3-@m.gs~ V " t “fig 2-€'3§“ * x “ ma "fiti>~<>.33;A§;§;» ~>=?;;§ ;m_§§§§Z§_;~.»w¢.,";>3~»,,<~~>-» §()I\ A > V ,,A;;;»>< 3:» , » . V <. * ;~;w5$<—~=< °>°'°<>.¢~; *<>;><&<., W are-=->;£¢> ;s,;»»?tt ,4-g A § V .. ;- >/»\°> >ix». < §_1~¢ o-0 , §><°<> , ‘Q » 0,? °3\'€v M av ¢ i, -< ,\ ‘°*~‘<—»~~t<.§x;~>~ ~> ’¢>~§ » < X3 » 1.» >‘<< ‘°’ww 3, W; . . ,< ~~~>im W >>.<$.°< N we ,H,~<¢_5 ?‘3’$<, 3> »-<> \$_M-<¢<,,<5»¢_°~z3_1< ‘ ¢x¢'¢< AV A A g . A /~;ro.»\i~<»A$,.,,2,;§;>3;<.>3:< _; <>§,$g_;_,§_5-»3_i,g_,_;;»<>~<E~¢.,,,¢‘;v<-3%,, <3 >.§<._,,§‘§W’3'o-:- , A 6&9; A , 6 QA;<> 0>v° 6» > \ ‘<~> . > ,, 3 > W‘ ~>~%~< »>'~>> ~¢>~><,x \' Q <->t  ,    4 M.   “  _  _
o L03 ~

.-4'“ %.......................  ­' virtual states
Ii /

W2 /
W1

initial state .
I Z)

. ure 4.2: Schematic diagram for three-photon transition: the system absorbs three
ihoton simultaneously and get excited to a final bound state I f).

uP I
UQ

quantum number n, the energy needed for the incoming photon is

1 1
OJ = 6 1 —'

Now the transition matrix element from the ground state to a final state

I f) with principle quantum number n and orbital angular momentum Z can
be calculated by taking the form of the final state wavefunction as

|f) = lnl) = 214:; 1R,,;(r)P;(c0s6l) (4.46)
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Rng(T) : nl+2(22l     (2T)l eXP('_"7:")

><F(l+1—n,2l+2,%)

where

and F is the confluent hypergeometric function. Substituting (4.38),
(4.44) and (4.46) in (4.17) and using the orthogonality relation for Legendre
polynomials we can see that the transitions are possible only for Z = 1 and
Z = 3 states. To demonstrate this, let us consider third order matrix element

big) given in Eq. (4.45) and D2 given in Eq. (4.17)

D2 = 1,£'0(T)P0(U) —l— T21,D2(T)P2(U).

where u = cos 6. Now using the recurrence relation3 2
UPg(1L) = 5P3('U) 'l‘

we can write

zD2 = T1/10(s)P1(u) + 7'3 {i;—P3(u) + *€P1(U)}1/)2(T)

We have the ground state of hydrogen I g) = exp(—1')/\/31-1: as the initial
state and the excited bound state given by Eq. (4.46) as the final state.
With these expressions the matrix element given in Eq. (4.8) can be written

21 1 21r oo _r
Jvfi; = i/-4;} fa do A r2d7‘RnI(’!‘)e (4.48)+1 3 2

xf duP;(u) {rm/10(s)P1("u.) + T3 (-5P;>,(u) + -5P1(u))}-1

21S
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The angular part of the integration Eq. (4.48) can be done exactly using
the orthogonality property of Legendre Polynomial, with the result that
from the various possible angular momentum quantum number of the final
states, the transition matrix element will have nonzero only when I = 1
and l = 3. Thus the only final states accessible by three-photon transitions
from an initial s state are p and f states, which are the well known selection
rules for three-photon transitions.

Now we denote fl/IE) by Ms) i. e. , a transition from | g) to final bound
state I nl) with principle quantum number n and angular momentum quan­
tum number 1. Now the matrix element for a transition to a final state with

Z = 1 and principle quantum number n can be written as

§ to
Q.

2

Mi‘? = — TRn1(T)6_r W) + -;%<T>} <4-49>

and similarly the matrix element for the Z = 3 transition is

6 0° _,
Mg) = m 0/d1~R,13(¢)1~% ¢2(¢~) (4.50)

The 1' integration in Eqs. (4.49) and (4.50) can be performed exactly by
the use of the standard integrals.

In order to express these integrals in more ordered and compact form, we

make use of the functions I.,,;(s, /6) and In;(p, q, )\, t, k) defined in Eqs. (3.24)
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and (3.25) of the previous chapter. Thus

OO

‘/‘d’f'Rng(T)€-r7‘51/J2('!‘) = §—:?Ing(].,5)—%In;(1,1,)\1,1,5) (4.51)
0

1

2 K(1,1,/\1,t)t— di---In 2,2,,\ ,,
+3w4j tK(3,3,/\;;,t) ‘( N5)

X _,. 1 2 1 3
[d7‘ R1-,,g(T)8 T3’!/10(7) = 50-§Ing(1,5) + W  -—- 2A1) —  Ing(1,-3)
0 1 1 A

_ —“"'11-nI(01O:A21  _ 67 {Z-'n.l(]-1 ]-1A1:  + U11-nl(1a 11/\1a3/\10J4
I1 1 1 1 K(1,1,A1,t)

——1+—In l,1,,\,1,3 -——1+-farmn)( A1) ‘( 1 ll 3w4( /\1)A K(1,1,/\2,t)
1 — 20.1 t 2 2

X  — 5 — t+"‘/\1 + (t  )\1)2}Inl(0>0n/\2,t>3) (452)

By choosing proper values for I in (4.51) and (4.52) the transition matrix
elements Mfi) and Mg? in Eqs. (4.49) and (4.50) can be calculated. The
integrals given in the above equations can be numerically evaluated for
various values for principle quantum number n. Numerical values of A/lg)
and Mg) given in Eqs. (4.49) and (4.50) are presented in Table. 4.1 in
atomic units for various values of n.

4.4 Three-photon ionization cross sections

In this section we describe the process of three-photon ionization depending
on the incident photon energy we can have direct ionization, above one­
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n 2 3 4 5 ' 6

my 182.0 -107.5 l-85.23 -65.35 -51.58%

i M533 - - 45.32= 36.66 29.08; ln 7 8 9 106
l Mfg’ -41.87 l -34.80 ’ -29.4? l -25.36T T P
Mg) A 23.53 19.41 16.43 14.09

Table 4. 11 Three-photon transition matrix element N172‘? and A1 £3) for atomic hydrogen
in atomic units for various values of principle quantum number n

photon threshold ionization and above two-photon threshold ionization. In
order to evaluate the above threshold as well as near resonant processes
we need to analytically continue the expressions obtained for direct three­
photon ionization.

The differential scattering cross section for three-photon ionization is
given by [106]

d@<3> 6 I 2 (3i : _ _ M ) 2 2 k’dQ 26 (210) l fgl “°“’

Where Mg?) is the third order transitions matrix element.
In order to evaluate the three-photon scattering cross section, we need

to know the expression for the matrix element A/15.32. The reduced form
of the third order matrix element corresponding to the ionization of an
electron from the ground state | g) is given by

M2,’ = (fl 202 I g> (463)
The amplitude for continuum transitions can be calculated by taking the
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final state wave function to be [107]

1 r> = M; 7:£RkI(T)}/lm(?)Yl%(Z) (454)
Em

where Y;m(6l, qb) are the well known spherical harmonics and

$2 (6a¢): /E : (6ka¢k)

The radial part of the continuum wave function of hydrogen atom for an
attractive Coulomb potential can be taken as [107]

R,,,,(¢~) = @¥ (2Tk)‘@i*rF(z + 1 _ 2'7, 21 + 2, -2m) (4.55)

Substituting the values of D3 from Eq. (4.3 ) and using z = rcos(6) we
have

Mg? = (f | rcos6{1,!10 + T21/)gP2(COS 6)} lg) (4.56)

Using the following relations

4

H(c0s6) = \/ mQ/ 2 /
cos9P2(c0s6) = g i171Y30 + 5 4?7rY10 (4.57)

in Eq. (4.56) we get 4 2
Ml?) Z  '§'<f l T {$0 + 5131/12}Y10 l 9)

4 3
+\/7""5<r I T31/»2Y30 1 g> (4.58)
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Table 4.2: Three—phot0n scattering cross section per unit squared
intensity 0(3) / I 2(cm6 / W2) for linear polarization when three-photon
ionization is energetically possible.

MA) Present Gao-Staracea Laplancheb Karulec

1900

2000

2100

2200

2300

2400

2500

2600

2700

1.17(-46)

5.423(-48)

2.539(-47)

1.5ss(-47)

2.640(-47)

7.056(-46)

2.94s(-46)

1.002(-46)

e.705(-47)

1.172(-46)

5.429(-48)

2.541(-47)

1.5s9(-47)

2.641(-47)

7.057(-46)

2.94s(-46)

1.002(-46)

1.186(-46)

5.s81(-48)

2.542(-47)

1.s93(-47)

2.650(-4?)

?.125(-46)

2.9s0(-46)

1.00s(-46)
-b

1..

s.5s(-48)
2.ss(-47)
1.59(-47)

2.60(-47)

6.42(-46)

3.03(-46)

1.01(-46)

6.74(-47)

G Gao and Starace[9] : Using variational method
b Laplanche et al. [25]
C Karule.[24] : Using Greens function method

This can be rewritten as

, 8 A * 2 __r
-I —Z‘%Y10(k) ‘/dTRk1(T) {'I‘3¢0 + gT51p2} 6

Defining D?) and D53) as

-  A * -1‘
+151-/-T%Y30(k) f drRk3("r)r51j)2e 4 59

24w _
off’ = 1%/d1~R;3(r)r51/J26 T 460.3 .- 3 -1­
'D§3) = -217-7; /drRk1(r){r31{1Q + 5r51,Z22}e 4 61
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polarized light in atomic units will take the form

d (3) 1 2 ,4 .4
£6. I %  |1>§3>Y3@(1<) + 1291/,0(14) F 4344/4 , (4.63)

Again these integrals can be put in a neat form using the notations used

in the Eqs. (3.24)-(3.25) the integrals in Eqs. (4.60)-(4.61) can be written
as

X

/44~R,¢,(r)@-w-51/12(1) = 3%-§1,¢,(1,s)-iZIk,(1,1,>\1,1,s) (4.64)
0

1

2 K(1,1,)\1,i)£+_- dt———————-I 2,2,A,¢,5
3444! K(3,3,/\2,t) '°‘( 2 )

0° _, 1 2 1 3
\/‘d7'Rkl(T)€ T'3‘l,l!0(?') -I 'é;§Ik;(1,5) + '55  —-  -—  Ik[(1,3)
0 1 1_' iii’ 1 1A1 at “ '_— 1 1 1 1

3/\1w4 ;¢;(0 0 2 1 3) 6w4 {Z-k;(1 1 /\1 1 5)

+5Z,¢,(1 1 A1 1 4)- l(1+ -1-);r,¢,(1 1 ,\1 1 3)w 1 1 1 1 w A1 1 1 1 1
____ 1+_ K(1,1,A1,t)3444 A1 K(1,l,,\2,t)

1-A

1-I

vs 3"\H
Q-.
0+­

1—2w 2 2-----~-4 + e I 0,0,)\,i,3)X{w(l+A1) 44 t+/\1 (t+)\1)2}M( 2
(4.65)

Substituting Eq. (4.62) in Eq. (4.63) and integrating over the emitted elec­
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tron direction we obtain the total cross section(3) 2iL__°L Q (312 (3) 2

I2 _8w (I0) {|"D3 | +|D, |}wk (4.66)

where 0&3) is three-photon cross section for linear polarization. Using the
Clebsh-Gordan algebra we can similarly write the cross sections for circular
polarization as

0%-£13) CI‘ (lg 25 D(3) 2I2 =87r I0 -5| 3 Iwk (4.67)
These closed form expressions Eqs. (4.66)-(4.67) for scattering cross section
are more elegant than the expressions obtained by other methods.

We have calculated the three-photon cross section for values of photon
energy both below and above threshold ionization. This is achieved by per­
forming the integrals in Eqs.(4.65)-(4.65) numerically and substituting it
in Eqs.(4.60)-(4.61) and finally using the Eqs.(4.66)-(4.67). The numerical
values of these scattering cross sections are presented in diflerent Tables.
The tables are organized in such a manner that the incident photon energy
falls under various regions, according to which the three-photon ioniza­
tions are characterized. Depending on the photon frequency we have to
make sure that the expressions obtained for cross sections are defined for
the corresponding frequency, if not we have to analytically continue the
expressions to suit the numerical evaluation. The manipulation of these
expressions are given in the coming section.

4|

4.5 Analytical continuation

As we have mentioned in the earlier sections, the expressions for two-photon

and three-photon transition amplitudes are not defined for certain values
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Table 4.3: Three~photon scattering cross section per unit squared
intensity 0(3)/I2(cm6/W2) for circular polarization when three­
photon ionization is energetically possible.

MA) Karule“ Laplancheb Gao-Staracec Present]

1900

2000

2100

2200

2300

2400

2500

2600

2700

1.65(-45)

1.37(-47)

5.s5(-47)

3.9s(-47)

3.s4(-47)

3.92(-47)

3.9?(-47)

3.91(-47)

3.65(-47)

2.4"/9(-46)

1.365(-47)

5.771(-47)

3.957(-47)

3.s53(-47)

3.93s(-47)

3.99s(-47)

s.94?(-47)

2.4s9(-46)

1.326(-47)

5.776(~47)

3.945(-47)

3.s40(-47)

3.917(-47)

3.9'r2(-47)

3.90s(-47)

2.454(-46)

1.324(-47)

5.772(-47)

3.943(-47)

3.s39(-47)
3.917(-47)

3.972(-47)

3.906(-47)

3.e41(-47)

“ Karule.[24]
b Laplanche et al. [25]
C Gao and Starace[9]

of energy and it is very interesting to note that those values of energies
are coming as the simple poles of the function <I>(p, q, A, t, s). This requires
analytical continuation of the function to expand its region of analyticity
so that the function will be ‘defined’ in extended regions of the complex
A plane. In general, it is complicated method but in our formalism it is
very easy to implement this proceedure. In order to make the discussion
simple, in this section we present the details of analytical continuation
of the amplitudes for two-photon process. Generalization to three-photon
matrix elements can be easily done.

The solutions of our three differential equations given in Eqs. (4.18)­
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Table 4.4: Three-photon scattering cross section per unit squared
intensity 0(3)/I2(cm6/W2) for both linear and circular polarization
versus wavelength above one-photon ionization threshold w > 1 / 2.

A (A)

_ L _i0(3)/I2 0.2?)/I2
Present Klar-Maqa Present Klar-Maq“

20

100

200

300

400

500

600

700

800

900

5.596(-66)

1.959(-59)

1.1s9(-56)

4.799(-55)

6.632(-54)

s.065(-53)

2.667(-52)

1.0s9(-51)

3.702(-51)

1.972(-50)

1.16(-56)

6.60(-54)

2.65(52)

3.6s(-51)

2.470(-66)

9.254(-60)

6.417(-57)

3.023(-55)

4.744(-54)

4.0"rs(-53)

2.39s(-52)

1.0s5(-51)

4.065(-51)

1.317(-50)

6.ss(-57)

4.'r2(-54)

2.s9(-52)

4.04(-51)

a Klarsfeld and Maquet[‘27] ' ;
5  ._~"§!

(4.20) is related to

where

L

<I>(p,q,/\,t,r) = /dse"“("1)K(p,q,/\,s)
A

l

K<p,q,»,-9) =  <3 + AW <8 ~ Wt

/'-4‘ - 1
P F-\ n

(4.68)

(4.69)

and it is important to note that the integral given in Eq. (4.68) is only
defined for iR(q — 1/A) > —-1, where 5R denote the real part of. Since A

‘.-"4 - \ {.' , ‘
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is related to w, for example A1 = \/(1 — 2w), we cannot use the above
expression for all values of incident photon energy.

Table 4.5: Three-photon scattering cross section per unit squared intensity
0(3) / I 2(cm6/ W2) for both linear and circular polarization when two-photon ion~
ization is energetically allowed (1/4 < w <1 /2).

gg§»>/12   Oga/12 ”MA)Present Karule“ Klar-Maqb Klar-Maqb Present

1000

1100

1200

1300

1400

1500

1600

1700

1800

1.4s4(-48)

3.430(-50)

6.121(-48)

1.16s(-48)

1.007(-48)

1.355(-48)

2.024(-48)

3.104(-48)

4.761(-48)

5.55(-48)

1.01(-48)

1.35(-48)

2.02(-48)

3.09(-48)

4.74(-48)

5.55(-48)

1.00(-48)

2.03(-48)

4.67(-48)

4.6?(-48)

2.39(-48)

5.07(-48)

1.1s(-47)

5.4?2(-50)

5.234(-48)

2.379(-48)

2.404(-48)

3.370(-48)

5.056(-48)

?.663(-4s)
1.151(-47)

a E Karule[20]
b Klarsfeld and Maquet[27]

But for numerical analysis we need this solution 1111 for values of /\ such

that 3?(q — 1//\) < —1. This is done by analytical continuation which is
described below.

Since

then substituting in Eq. (4.69) and using it in Eq. (4.68) and performing

<s~w"i= 1 1a{<s~A>q+1*i}, (4.70
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an integration by parts we get

1 _,, _
<I>(p,q,)\,t,r) = -1-{e (‘L 1)K(p,q +1,/\,t) (4.71)

1

+ r<I>(r>,q+1.)\,t,r)— (P+ X) @(P—1,q+1,/\,t,1')}

The appearance of q + 1 in the right hand side of Eq. 4.71 makes this an
important recurrence relation. Now it can be used to analytically con­
tinue the function <I>(p,q,)\,t,r) for q — 1/A > -2, since the right hand
side of the equation is well defined for q - 1//\ > -2. By repeated appli­
cation of this formula we can analytically continue the function  for
q — 1/A > -3, -4,  and this is used for calculation of various matrix
elements.

The recurrence relation also clearly displays the singularities of <I>(.) as
a function of /\, due the appearance of the simple pole at q + 1 = 1//\. By
repeating this procedure we can see that the function  has simple poles
for those values of A such that q + n = 1/A where n = 1, 2, 3, . . ..

The transition matrix element can be expressed in terms of the function
given in Eq. (4.68) with q as a positive integer. Since A is related to
the photon frequency w (for example A1 = m these values of A
corresponds to one- and two-photon intermediate resonance singularities
present in Eq. (4.1).

Since

D;;\<I>(l,l,/\,1,r) = -K(l+1,l+1,/\,1) (4.72)

this is only true for l - § > -1. If l - § > -2. By operating D; on the
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right hand side the equation 4.71 we get

l—*

>1»­

'- (I +  (DU - 1,1 + 1,)\,fi,7’)})
= -e-'"<**1>K(z+1,z+ 1, /\,t)

1

'D;  {e"(‘i'1)K(Z, l + 1, /\,t)'r<I>(l, Z + 1, /\,t, T) (4.73)

From this result we can see that the analytical continuation indeed
results in a solution to the differential equation 4.72 for I — § > -2 also.

The simple poles of the function <I>(l, l, /\,t) at I + It — 1/A = O (where
Z and k are positive integers), are due to intermediate state resonances.
For example, if /\ : A1 = \/1:_Q5 these poles correspond to one-photon
intermediate state resonance. Similarly if /\ = A2 = \/1_——%, the photon
energy corresponds to two-photon intermediate state resonance. This is a
very important property of the solution we obtained because any analytic
expression equivalent to the Eq. (4.1) should exhibit this property.

And these simple poles as a function of w present in the original ex­
pression given in Eq. (4.1) is clearly manifested in our solution by repeated
application of the recurrence relation given in Eq. (4.71).

We have expressed the various amplitudes in terms of In;(l,l,/\,t,k)
and In;(s, k) given in Eqs. (3.25)—(3.24), which is convenient for numerical
evaluation. Since these functions are related to <I>(.), repeated use of the
recurrence relation given in Eq. (4.71) also has to be appropriately used for
the evaluation ofI,,;(l, l, A, t, k). For example ifl— 1/A < -1 for l'.n;(.) given
in Eqs. (4.65)— (4.65) we have to use the recursion relation once. If integrable
singularities are present standard method like subtraction procedure has to
be employed for the numerical evaluation of the integrals in Eqs. (4.51) and
(4.52).

Intermediate resonance will occur when to = (1 /2)(1 — 1/n2) =, for
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Figure 4.4: Schematic diagram for above one-photon ionization threshold.
Transitions are also possible between the continuum states. Here photon
energy is sufiicient for one-photon ionization to occur and the additional
energy is added to the kinetic energy of the emitted electron

n : 2,3,4,5, . . ., with corresponding values of w = 0.375, 0.4444, 0.4687,
0.48,. . ..

When w > 1/2 both /\1 and A2 are purely imaginary, in that case
the analytical continuation is very simple and is done by considering the
expressions for purely imaginary /\1.

Above threshold ionization

Many authors have dealt the problem of above threshold ionization (AT1)
in the case of three-photon ionization and there are no single formulation
applicable for a wide range of incident photon energy. But we are able to
perform a detailed numerical calculation for a wide range of incident wave­
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lengths of physical interest using this method. Depending upon the photon
energy, we have extensively used the relation given in Eq. (4.71) for analyt­
ical continuation for the evaluation of amplitude for various multiphoton

processes. The closed integral form of the solution in Eqs. (4.26), (4.38)
and (4.44) is very convenient for numerical computation. This form is also
useful to see the resonance singularities present in the original perturbation
theory result given by Eq. (4.1). By repeatedly using the recurrence rela­
tion given by Eq. (4.71), all the singularities will be appear as simple poles
in the expression for the transition amplitude[17]. In the case of above one~
photon ionization threshold (w > 1/2) both /\1 and Ag are purely imaginary
and above two photon threshold (i. e. , w > 1/4) only A2 is purely imagi­
nary. But even in these cases, we take the analytic expression in Eqs. (4.26),

(4.38) and (4.44) as solution to the Eqs. (4.18)-(4.20).

Most of the available data are for the range of wavelengths varying from
1824.472 .31 to 2736.708 A. This range corresponds to the frequency range
where three-photon ionization is energetically possible i. e., threshold or
direct ionization. In this range we find that q — 1//\ is positive for all
values of /\, and hence there so no problem of numerical instability. It may
be seen that our data agree quite well with those obtained by Klarsfeld
and Maquet [27], where they have used Pade-Sturmian method for the
determination of the matrix element but near the vicinity of threshold
their method fails. For this range of frequencies cross sections for linear
and circular polarization are given in Tables. 4.2-4.3. The available data are
compared with results obtained by various other methods for both linear
and circular polarization[9, 12, 24, 25].

When two-photon ionization is energetically possible, i. e. , for range of
wavelengths between 912.236A to 1824.472 A ( 1/4 < w < 1/2), only
/\2 is purely imaginary and A1 is real, depending on the photon energy we
repeatedly use the recursion relation in Eq. (4.71). At /\ = 1200 A we get
the same result (6.42>< 10'”) published by Chang and Poe [29], where they
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have used the same implicit summation technique. Numerical values for
selected wavelengths are compared with results available in the lirerature
and are given in Table 4.5.

Thus for a wide range of incident energy spectrum, the three-photon
ionization cross sections from ground state of hydrogen atom are obtained
by analytically continuing the solutions wherever needed.

4.6 Conclusion
In the present chapter we have formulated the Dalgarno-Lewis method
for three-photon transitions from the ground state of hydrogen atom. We
took the third order transition matrix element and obtained an alternate

expression, which is elegant and very convenient for numerical evaluation.
We have seen from the last chapter that Dalgarno-Lewis procedure recast
the problem of infinite summation to the problem of solving second order
differential equations. Unlike the second order case, here we have to solve
two more differential equations. We obtained the integral representation of
solutions to these differential equations by method of laplace transform.

In the section for bound-bound transitions we obtained the transition

probabilities for all allowed three-photon transition from the ground state.
We found that the expressions are consistent with three-photon selection
rules. The radial integrals are done using standard integral and final am­
plitudes are obtained by numerically integrating the final analytical expres­
sions.

In the section for three-photon ionization, we have calculated the three­
photon scattering cross section for both linear and circular polarization. In
our formalism the analytical continuation of the expressions are very easy,
thus we were able to obtain the values of cross section for incident radiation

for almost all values of the frequency. Our results are in excellent agreement
with those previously obtained by other authors through different methods.



Chapter 5

Results and Conclusion

Since perturbation theory is valid for intensity of light up to I = 1013
Wcm‘2, for the treatment of multiphoton processes, the evaluation of
higher order perturbative matrix elements become important and among
different methods for its evaluation Dalgarno-Lewis treatment has its own
merits. The basic idea is to recast the problem of summing over the interme­

diate states to a problem of solving a system of inhomogeneous differential
equations. By doing this we can overcome the problem of infinite summa­
tion coming in the perturbative treatment for higher order processes.

In the present thesis we have formulated the Dalgarno-Lewis procedure
for two» and three-photon processes and an elegant alternate expressions
are derived. Starting from a brief review on various multiphoton processes
we have discussed the difficulties coming in the perturbative treatment
of multiphoton processes. A small discussion on various available meth­
ods for studying multiphoton processes are presented in chapter 2. These
theoretical treatments mainly concentrate on the evaluation of the higher
order matrix elements coming in the perturbation theory. In chapter 3 we
have described the use of Dalgarno-Lewis procedure and its implimenta­
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tion on second order matrix elements. The analytical expressions for two­
photon transition amplitude, two-photon ionization cross section, dipole
dynamic polarizability and Kramcrs-Heiseberg are obtained in a unified
manner. Fourth chapter is an extension of the implicit summation tech­
nique presented in chapter 3. We have clearly mentioned the advantage of
our method, especially the analytical continuation of the relevant expres­
sions suited for various values of radiation frequency which is also used for
efficient numerical analysis.

A possible extension of the work is to study various multiphoton pro­
cesscs from the stark shifted first excited states of hydrogen atom. We
can also extend this procedure for studying multiphoton processes in alkali
atoms as well as Rydberg atoms. Also, instead of going for analytical ex­
pressions, one can try a complete numerical evaluation of the higher order
matrix elements using this procedure.



Appendix A

Atomic unit

‘Atomic units’ (au) is widely used system of units in atomic physics[92].
In ‘atomic system of units’ we use electron mass and charge as the unit of
mass and charge. Bohr radius is taken as unity. Units of length and time
are chosen such that 41rc0 = 1 and ii = 1. We have the atomic unit of
energy, the ‘Hartree energy’ Eh as

2 2
Eh =  ab”; = am/Q0 = 4.359743s1(34) >< 10-18 J

which is twice the ionization energy of the hydrogen atom. Here a is the
fine~structure constant, where 01-1 : 137.035999710(96). Hatree energy is
related to the SI unit of energy as

1 a.u. = 1 Hartree = 27.21l3834(11) eV and

(1/2) a.u. = 1 Rydberg = 13.60569172(53) eV

1 atomic unit of energy is equivalent to Hartree = 2 Rydberg =
27.2l13834(11)eV
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Table A.1: atomic units

Length Bohr radius ao
Mass Electron rest mass me
Charge Elementary charge e
Angular momentum Planck’s constant H
Energy Hartree energy Eh
Electrostatic force constant Coulomb’s constant 1/ (411150)

g Table A.2: derived units
Time Ii/Eh Current eEh / h
Velocity a0 Eh /h Temperature Eh / kg
Force Eh /ag Pressure Eh, /0,8

Various quantities in atomic unitsare presented as tables A1 and A2.
Atomic unit of Dipole Moment eaq = 8.47835267(33) >< 1048 C cm. In
atomic unit the, time scale is set by the electrons period in the Bohr orbit,
Tao = ag/(ac) = 2.418884326500(18) >< 10'" s, where ac is the atomic
velocity

One of the widely used definition is the ‘Characteristic Atomic Field
Strength’. It is the electric field strength associated with the field produced
by the proton at the Bohr distance,

66 =--_-= .1422 62420 19v .F 0 4mE0ag 5 O ( ) >< O / cm
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