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Chapter 1

Introduction

The notion of equilibrium distribution was introduced by Cox (1962) as the asymp-
totic distribution of the forward or backward recurrence times in a renewal process.
Since then, in different contexts, it has been given various interpretations as the dis-
tribution of the product of two independent random variables, one of which is size
biased and the other is uniform (Cox and Lewis (1966)), as a weighted distribution
(Jain et al. (1989)) and also as a stationary excess operator (Pakes (1996)) . The
technical details of these interpretations are explained in Chapter 2. A basic paper
from Gupta (1979), containing several interesting properties of the equilibrium ran-
dom variable, laid the foundation for subsequent researches on its role in reliability
theory. During the past five decades the study of the theoretical properties of equilib-
rium distributions and their applications in other disciplines have kept it as a fertile

area, of research.

Several applications of equilibrium distributions include the areas of characteriza-
tion of distributions (Gupta (1979), Hitha and Nair (1989), Nair and Hitha (1989),
Gupta and Kirmani (1990), Sen and Khattree (1996), etc.), criteria for ageing (Desh-
pande et al. (1986), Averous and Meste (1989), Bon and Illayk (2002), Abouammoh
and Qamber (2003), Nair and Sankaran (2010), etc.), formulation of maintenance
policies (Bhattacharjee et al. (2000)), income analysis (Kleiber and Kotz (2003)),
concepts of system improvements (Ebrahimi (1989)), life length studies (Bluemen-
thal (1967), Scheaffer (1972)), estimation problems in survival studies (Zelen and



Feinleib (1969), Zelen (1974)), queues and insurance (Denuit et al. (1998), Kaas et
al. (1994)), tests of hypothesis (Abouammoh et al. (1993, 2000)), system availability
(Mi (1998)), moment inequalities (Mugdadi and Ahmad (2005)) and system reliabil-
ity (Jean-Louis and Abbas (2005)). An important turning point in the development
of this topic is the introduction of equilibrium distributions of higher orders (Hark-
ness and Shantaram (1969)). Several applications of the higher order equilibrium
distribution, that include new partial orderings and ageing concepts (Fagiuoli and
Pellerey (1993)), moment properties (Nanda et al. (1996b)), interpretations of Bon-
desson’s functions (Stein and Dattero (1999)), link between shapes of failure rates
and mean residual life functions (Navarro and Hernandez (2004)), applications to re-
liability (Gupta (2007)) and characterizations (Pakes and Navarro (2007), etc. ), have
appeared in the literature. Moreover, Willmot et al. (2005) discussed the applications

of higher order equilibrium distributions to insurance claim modelling.

From a perusal of the literature, it appears that equilibrium distribution and its
properties are most studied in the context of reliability modeling and analysis. Various
aspects investigated in this respect can be summarized as follows. The relationships
between various concepts in reliability for the equilibrium distribution and the base-
line distribution is most important among them. These in turn provide the basis
of many characterizations of lifetime models. Secondly, most of the ageing concepts
can be either interpreted or characterized by appropriate properties of the equilibrium
distribution. Further, many new ageing concepts are evolved by comparing the ageing
patterns of the baseline distribution and the corresponding equilibrium counterpart.
Equilibrium distributions of higher orders have been proposed by a process of itera-
tion that brings in new models whose characteristics can be expressed in terms of the
original model. Many such relationships provide new methodology for establishing
simple proofs in several cases and also enable statistical inference and analysis. The
role of equilibrium distributions is fundamental in deriving proofs of properties of

stochastic orders connecting reliability functions.

The present work is intended to discuss various properties and reliability aspects of
higher order equilibrium distributions in continuous, discrete and multivariate cases,
which contribute to the study on equilibrium distributions. At first, we have to study
and consolidate the existing literature on equilibrium distributions. For this we need

some basic concepts in reliability. These are being discussed in the next chapter,



which include univariate discrete and continuous cases.

In Chapter 3, some identities connecting the failure rate functions and moments
of residual life of the univariate, non-negative continuous equilibrium distributions of
higher order and that of the baseline distribution are derived. These identities are
then used to characterize the generalized Pareto model, mixture of exponentials and
gamma distribution. An approach using the characteristic functions is also discussed
with illustrations. Moreover, characterizations of ageing classes using stochastic or-
ders has been discussed. Part of the results of this chapter have been reported in
Nair and Preeth (2009).

Various properties of equilibrium distributions of non-negative discrete univariate
random variables are discussed in Chapter 4. Then some characterizations of the geo-
metric, Waring and negative hyper-geometric distributions are presented. Moreover,
the ageing properties of the original distribution and nth order equilibrium distribu-
tions are compared. Part of the results of this chapter have been reported in Nair,
Sankaran and Preeth (2012).

Chapter 5 is a continuation of Chapter 4. Here, several conditions, in terms of
stochastic orders connecting the baseline and its equilibrium distributions are derived.
These conditions can be used to redefine certain ageing notions. Then equilibrium
distributions of two random variables are compared in terms of various stochastic

orders that have implications in reliability applications.

In Chapter 6, we make two approaches to define multivariate equilibrium distribu-
tions of order n. Then various properties including characterizations of higher order
equilibrium distributions are presented. Part of the results of this chapter have been
reported in Nair and Preeth (2008).

The Thesis is concluded in Chapter 7. A discussion on further studies on equilib-

rium distributions is also made in this chapter.



Chapter 2

Equilibrium Distributions -

A Review

2.1 Introduction

The study on equilibrium distributions has gained the interest of researchers from var-
ious fields ever since it was introduced by Cox (1962). Over the past fifty years, many
results have been put forward by several researchers on this topic which sparked off
applications to numerous areas such as characterization of distributions, criteria for
ageing, formulation of maintenance policies, income analysis, insurance etc.. The ob-
jective of this chapter is to make a brief survey of the important results on equilibrium

distributions that are relevant to the present study.

As mentioned in Chapter 1, since the applications of equilibrium distributions is
oriented towards reliability modeling and analysis, we need some background ma-
terials from reliability theory for the development of our results in the subsequent

chapters. These are being discussed in the next two sections.
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2.2 Reliability concepts for continuous lifetime dis-

tributions

Let X be a non-negative random variable representing lifetime of a system or a device

having absolutely continuous distribution function
Flz)=P(X<z), x>0

with respect to the Lebesgue measure. Let f(x) be the probability density function
(pdf) of X. Then the survival function of X is denoted by S(x) and is defined as

S(xz) = P(X >ux),
= 1—F(z), x>0. (2.1)

In other words, the survival function, S(z) is the probability of a device or a system of
components performing its purpose adequately for the period of time (0, z) under the
operating conditions encountered. In the context, involving lifetimes of systems or
devices, it is referred to as the reliability function. S(x) is a non-increasing continuous

function with

lim S(z) =1
z—0

and
lim S(z) = 0.
T—r 00

2.2.1 Hazard rate

An important function that characterizes lifetime distributions is the hazard rate. It
is denoted by h(z) and is defined as

Plx <X Azx|X
h(z) = Tim (<X <z+Az|X > x)

xz > 0.
Az—0 Ax ’

The hazard rate specifies the instantaneous rate of failure of a device in the next small

interval of time Ax, given that the device has survived up to time z. Thus h(z)Ax is
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the approximate probability of failure in the interval [z, z + Az), given survival up to
time z. In actuarial studies h(z) is known under the name of force of mortality. The
reciprocal of the hazard rate for the normal distribution is known as Mill’s ratio. In
extreme value theory, it is called intensity function. The hazard rate is also known as
conditional failure rate in reliability and the age-specific failure rate in epidemiology.

When X is absolutely continuous, the hazard rate is expressed as

he) = £,

= —%log S(x). (2.2)

Integrating ([2.2) with respect to z, we obtain

S(z) = exp [— /O " hw) du} | (2.3)

which shows that h(z) characterizes the distribution of X. The pdf of X can also be

represented as

F(z) = h(z) exp [— /0 ") du] . (2.4)

2.2.2 Mean residual life function

Mean residual life function plays an important role in reliability, survival analysis
and various other areas. It is often referred as life expectancy or expectation of life
in demography. The mean residual life function (mrl) of X, m(x), is defined as the

mean of the the residual life (X — z|X > z). More explicitly,

m(z) = E(X —z|X > 1),
- 5 [ =) s du



2.2. Reliability concepts for continuous lifetime distributions 7

which characterizes the distribution of X through (Cox (1962))

mEO) exp {— /0 C du]. (2.6)

m(z) m(u)

S(z) =

Differentiating ([2.6|) with respect to x, we obtain the density function that is expressed

in terms of the mean residual life function

flay =" (%m(‘”;“) exp {— /0 ' %du}. @2.7)

m?(x

Mean residual life summarizes the entire residual life distribution, whereas the hazard
rate relates only to the risk of immediate failure. The hazard rate and mrl of X are

linked through the relation (Muth (1977))

1+ Lm(z)
hiz) = —de 77 2.8
(@) = — = (23)
Moreover,
po= limm(z),

- [ swa

Calabria and Pulcini (1987) established that

1
Jm m(z) = lm 2

provided the latter limit exists, finite and strictly positive. They also deduced that

. d
xh_g)lo am(l‘) =0, (2.9)

or equivalently, that
lim m(x) h(z) = 1.

T—>00
It is to be noted that the m(x) is constant and m(z) h(x) = 1 for the exponential

distribution and conversely.
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2.2.3 Variance residual life function

Another function which has also generated interest in the recent years is the variance

residual life function. It is denoted by ¢?(x) and is defined as

oc’(z) = E[(X—2)’|X >z] —m’(z)
1

- 5 ) dum i),

_ i/w@—x)S(u) du — m?(z),

S(z) Ja
2 I e 2
= %/m /t S(u) du dt —m*(x), (2.10)

obtained by integrating by parts on each of the steps. Abouammoh et al. (1990)
showed that the variance residual life together with mean residual life function char-

acterizes the distribution of X through the identity

S(z) = exp [— /Ox Uz(@" ) @ du] . (2.11)

u) — m?

2.2.4 Stochastic orders

Stochastic orders have been used during the last few decades in many diverse ar-
eas of probability and statistics such as reliability theory, queuing theory, survival
analysis, biology, economics, insurance, actuarial science, operations research, and
management science. Stochastic orders are used to compare distributions in terms of
their characteristics. Definitions of the stochastic orders given below, unless otherwise
specified, can be seen in Shaked and Shanthikumar (2007).

Let X be a random variable having the characteristics discussed above and Y be
another non-negative random variable with pdf g(x), survival function 7'(z), finite
mean A, hazard rate function k(x) and mean residual life function r(z). In the sequel,
the phrase for all x means that for all  in the union of supports of X and Y’; 1 z (| z)
means that it is increasing (decreasing) in # > 0. In the present work, increasing

(decreasing) is used in the week sense, that is, non-decreasing (non-increasing).



2.2. Reliability concepts for continuous lifetime distributions 9

Definition 2.2.1. X is said to be smaller than'Y in the usual stochastic order (X <g
Y) if and only if S(z) < T(z) for all x.

Definition 2.2.2. X is said to be smaller than Y in Laplace transform order (X <,
Y) if and only if
E(e*%*) > E(e™*Y), for all s > 0.

This is equivalent to

/ e *S(u) du < / e T (u) du.
0 0
Definition 2.2.3. X is said to be smaller than Y in hazard rate order (X <, Y) if

and only if h(x) > k(zx) for all x or equivalently,

T(x)
S(x)

T

or equivalently for absolutely continuous distributions (Shaked and Shanthikumar

(2007, p. 17)),
@) . gl
S(x+y) ~ T(x+y)

These are again equivalent to any of the following (Mukherjee and Chatterjee (1992))

, for all x, y > 0.

(X —2|X >2) <4 (Y —2|Y > x),

(X —z|X >2) <p (Y —2|Y > 2)

and (Theorem 5.A.22 of Shaked and Shanthikumar (2007))
(X —z|X >2) <p (Y —z|Y >2).

Definition 2.2.4. X is said to be smaller than Y in likelihood ratio order (X <;. Y)

if and only if @
I\r)
Ty

This is equivalent to (Hu et al. (2001))

(X —z|X >2) < (Y —z|Y > 2).
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Definition 2.2.5. X is said to be smaller than Y in harmonic mean residual life

order (X <pmn Y) if and only if

F L ame] <[]
for all z.

Definition 2.2.6. X is said to be smaller than Y in variance residual life order
(X <on Y) if and only if 0% (z) < o¥(x) for all x, where 0% (x) and oi(z) are
the variance residual life functions of X and Y respectively. This is equivalent to

(Fagiuoli and Pellerey (1993))
/ / ) du dt

/ / s

and (Hu et al. (2001)) (X —z|X > z) <,u (Y —z]Y > x).

Definition 2.2.7. X is said to be smaller than'Y in increasing convex order (X <ic.
Y) if and only if

/00 S(u) du < /00 T(u) du for all x.

Definition 2.2.8. X is said to be smaller than'Y in increasing concave order (X <,

Y) if and only if
/ S(u) du < / T(u) du for all x.
0 0

Definition 2.2.9. X is said to be smaller than Y in mean residual life order (X <,
Y) if and only if m(x) < r(x) for all x. This is equivalent to any one of the following

/:OT(U) du
Awsmwm

1 o 1 o
—/ S(u) dug—/ T(u) du, for all z,y >0

T,
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due to Shaked and Shanthikumar (2007, p. 82),
(X —z|X > 2) <pr (Y — 2]Y > 2),

(X —2|X >2) <iep (Y —2|Y > 2)

and
(X —z|X >2) < (Y —2]Y > 2).

The last two relations are due to Hu et al. (2001).

Definition 2.2.10. X is said to be smaller than Y in stop loss moment order of
degree n (X <,_qY) if and only if

E[(X —an] <E[Y — )],
for all x. Tt may be noted that 1 — sl is the stop loss function order,
El(X —a){] < E[(Y —x)4],

where (X — )4 = max(X — z,0).

The following implications exist among the various stochastic orders discussed
above which can be seen in Hu et al. (2001) and Shaked and Shanthikumar (2007).

Ir icv ——> Lt
J T
mrl € hr » st
J $
hmrl » icx &—p sl

2.2.5 Ageing concepts

By the term ageing of a device, we mean the phenomenon whereby its residual life is
affected by its age in some probability sense. This description covers the states, posi-

tive ageing, negative ageing and non-ageing a device can undergo. Non-ageing means
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that the age of a component has no effect on the distribution of residual lifetime of
the component. Positive ageing (also known as averse ageing) describes the situation
where residual lifetime tends to decrease with increasing age of a component. On the
other hand, negative ageing has an opposite effect on the residual lifetime. Concepts of
ageing describe how a component or system improves or deteriorates with age. Many
classes of life distributions are categorized or defined in the literature according to
their ageing properties. The following are some of the concepts discussed in Barlow
and Proschan (1981) and Lai and Xie (2006) and others specifically mentioned.

Definition 2.2.11. The distribution of X is said to be increasing (decreasing) failure
rate (IFR/DFR) if and only if

S(x+1t) et
L)

fort > 0, which is equivalent to —log S(z) is convex (concave) or equivalent to h(x)
is being increasing (decreasing) for each x > 0. This is again equivalent to any one
of the following (Shaked and Shanthikumar (2007))

(X =yl X >y) <a (Za) (X —2|X >2),

(X =yl X >9y) <pr (Zhr) (X —2|X > 2),
(X =yl X >y) <ico (Ziew) (X —2|X > 2)

and
(X —ylX >vy) <p (Gn) (X — 2] X > x),

for all y > x > 0.

Definition 2.2.12. The distribution of X is said to be increasing (decreasing) failure
rate average (IFRA / DFRA) if and only if

~log S(a) 1 & (1 ).

This is equivalent to
1 x
—/ h(u) du 1z (] ).
0

T

Definition 2.2.13. The distribution of X is said to be increasing (decreasing) failure
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of second order (IFR(2) /DFR(2)) if and only if fort >0

1 T+t
%/x S(u) du | z (1 x).

Definition 2.2.14. The distribution of X is said to be bathtub (BT) shaped failure

rate if and only if there exists 0 < x1 < x9 < 00 such that

1. h(x) is strictly decreasing in 0 < x < x4,
2. h(x) is a constant for r1 < x < x5 and
3. h(x) is strictly increasing in ro < T < 00.

Definition 2.2.15. The distribution of X is said to be upside down bathtub (UBT)
shaped failure rate if and only if there exists 0 < x1 < x9 < 00 such that

1. h(x) is strictly increasing in 0 < z < x1,
2. h(zx) is a constant for r1 < x < x5 and
3. h(x) is strictly decreasing in xo < x < 00.

Definition 2.2.16. The distribution of X is said to be decreasing (increasing) mean
residual life (DMRL / IMRL) if and only if m(x) is decreasing (increasing) in x > 0
(Bryson and Siddiqui (1969)). In other words, the older the device is, the smaller
(larger) is its mean residual life. This is equivalent to any one of the following (Shaked
and Shanthikumar (2007))

(X - y‘X > y) <mri (2mrl> (X - $‘X > l’),

(X - y|X > y) <hmrl (thrl) (X - xlX > l’)

and

for all y > x > 0.

Definition 2.2.17. The distribution of X is said to be new better (worse) than used
(NBU / NWU) if and only if S(x +u) < (>)S(x)S(u), for all x,u > 0. This means
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that a device of any particular age has a stochastically smaller remaining lifetime
than a new device (Barlow and Proschan (1981)).This is equivalent to (Shaked and
Shanthikumar (2007))

(X —z|X >2) <4 (>a) X.

Definition 2.2.18. The distribution of X is said to be new better (worse) than used
in expectation (NBUE / NWUE) if and only if m(z) < (>)u. This means that a
device of any particular age has a smaller (larger) mean remaining lifetime than a
new device (Barlow and Proschan (1981)). This is equivalent to X <p,,; X + Y, for
any non-negative random variable Y independent of X, having finite positive mean

(Shaked and Shanthikumar (2007)).

Definition 2.2.19. The distribution of X is said to be new better (worse) than used
in convex ordering (NBUCX / NWUCX) if and only if

%@/f&q(mu) du < (z)/yooS(u) du,

for all z,y > 0 (Cao and Wang (1991)). This is equivalent to (Fagiuoli and Pellerey
(1993))

Definition 2.2.20. The distribution of X is said to be new better (worse) than used
in concave ordering (NBUCV / NWUCYV) if and only if

/0 " S(uty) du < (2)S() / " S(u) du,

for x,y > 0 (Cao and Wang (1991)). This is equivalent to (Fagiuoli and Pellerey
(1993))
(X - I|X > 1’) Sicv (chv)X

NBUCYV is also called new better than used of second order (NBU (2)).

Definition 2.2.21. The distribution of X is said to be used better (worse) than aged
(UBA / UWA) if and only if for all x,t >0,

Se+1)> (<) S(a) exp[ o ]
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Definition 2.2.22. The distribution of X is said to be used better (worse) than aged
in expectation (UBAE / UWAE) if and only if m(z) > (<) m(oo) for all x > 0,
provided 0 < m(oo) < o0.

Definition 2.2.23. The distribution of X is said to be new better (worse) than used in
failure rate (NBUFR / NWUFR) if and only if h(xz) > (<)h(0) for x > 0 (Deshpande
et al. (1986)).

Definition 2.2.24. The distribution of X is said to be new better than used in failure
rate average (NBAFR or NBUFRA) if

for all x > 0 (Loh (1984)).

Definition 2.2.25. The distribution of X is said to be decreasing (increasing) mean
residual life in harmonic average (DMRLHA / IMRLHA) if and only if

E [ d“] _1

is decreasing (increasing) in x > 0 (Deshpande et al. (1986)).

Definition 2.2.26. The distribution of X is said to be decreasing (increasing) vari-
ance of residual life (DVRL / IVRL) if and only if 0(x) is decreasing (increasing)
in x > 0 (Launer (1984)). This is equivalent to

(X - y|X > y) Sv’rl (zvrl)(X - $|X > JT),

for y > x>0 (Hu et al. (2001)).

Definition 2.2.27. The distribution of X s said to be harmonically new better
(worse) than used (HNBUE / HNWUE) if and only if

[ st dus e,

for all x > 0.
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Definition 2.2.28. The distribution of X is said to be generalized increasing (de-
creasing) mean residual life (GIMRL / GDMRL) if and only if for all x > 0

1 oo
—S(y—i—x) /y S(u) du

is increasing (decreasing) in y > 0 (Bon and Illayk, 2002).

The following implications exist among the ageing classes discussed above.

TFR(2) ¢ IFR $ [FRA —— NBU —— NBUCV — NBUFR
J
UBA ¢ DMRIL, ——% NBUCX
J v\ J
UBAE ¢&— DVRL DMRLHA — NBUE —— HNBUE NBAFR

2.3 Concepts in discrete time

The work on reliability theory when X is discrete is much less voluminous than in
the continuous case, as most of the lifetimes discussed in literature are continuous in
nature. However, discrete data can also arise naturally in a variety of situations like

the following:-
(a) Measuring devices are inaccurate so that the number of items failed are collected
at units of intervals of times.

(b) The observations are the number of cycles completed prior to failure. For exam-
ple, the number of copies produced by a copier before it fails or the number of

miles for which a car tyre was operational.

(c) When the continuous data are grouped.

Let X be non-negative integer valued random variable, representing the failure

time (time is a general term used to specify a realization of X, irrespective of whether
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it is the actual completed units of time or number of cycles prior to failure etc.) with

probability mass function (pmf)

distribution funtion

and survival function

It is to be noted that
f(z) =S(x—1)— S(z). (2.12)

Let p(< 00) be the mean of X, then

p=>_S(u). (2.13)
u=0
The hazard rate function of X is defined as

h(z) = P(X =z|X >x),
f(z)

S(xz—1)

S(x)

T TSe-D)

S(z—1)>0. (2.14)

Notice that h(x) determines the distribution of X uniquely through (Gupta (1979))

T

S(z) =[] = h(u), (2.15)

u=0

or
r—1

f(x) = h() [T = h(w).

u=0
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Another related concept is the mean residual life function, which is defined as
m(z) = E(X —z|X > ),
1 o0
u=z+1
1 oo
= S S(x) >0 2.16
5y 25 50 >0 (2.16)
that satisfies the identity (Nair and Hitha (1989))
m(z+1) —m(x) +1
h 1) = 2.17
(z+1) m(z +1 (2.17)
Further,
i = S(0)m(0)

Gupta (1979) showed that m(x) also characterizes the distribution of X through

S(z) = 5(0)% H1 {1 _ @} |

The variance residual life is

V(z) = E[(X—2)’|X >z] —m*(z),

The above definition verifies that

[V (z) +m?(2)]S(z) — [V(z+ 1) + m?*(x +1)]S(z + 1)

= Y (-2 fw) — Y (w—z—1)*f(u),
= Z (U_$_1>f<u>7

— 25(2)m(x) — S(x),

(2.18)

(2.19)
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which, on division by S(z), gives
V() =V(z+1)=hx+1) m(z+1) (m(x) —1) = V(zx+1)]. (2.20)

Substituting (2.14)) and rearranging terms,

S(z+1) = S(x) {1 - Vie) = V(z+1) ]

m(z+1) (m(x) —1) = V(z+1)

Hence by iteration,

V(u)—V(u+1) } . (2.21)

S<x+1>:g[1—m(x+1> (m(z) = 1) = V(u+1)

Thus (2.21) confirms that V (z) together with m(z), characterizes the distribution of

X. Further, the r'! factorial stop loss moment (partial moment) is defined as

a(z) = B(X -2,
= E(X—2)y - (X—z—r+1),), (2.22)

where
(X —2)y = max(X — z,0)

and
n =nn-1)--(n—r+1)

is the descending factorial of order r. The properties of a,(x), recurrence relations
connecting them for various discrete families and some applications to reliability stud-

ies are reported in Nair et al. (2000). We also note the identities

a;(z)
a(z) —aq(z+1)

m(z) =

and
ar(z+1)—aq(z+2)

a(z) —ay(x +1)

1—h(z) =
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2.3.1 Stochastic orders

In addition to X, let Y be another non-negative discrete random variable with pm f
g(x), survival function T'(x), mean A < oo, hazard rate function k(z) and mean
residual life function r(z). In studying the partial orderings between X and Y,
we need the following definitions. We use the notation T x (} z) for increasing
(decreasing) in x € N = {0,1,2,...}. The conditions rendering each partial orders
have to be valid for all z = 0,1, 2, ..., unless otherwise stated. For detailed discussion
of these stochastic orders we refer to Shaked and Shanthikumar (2007).

Definition 2.3.1. X is said to be smaller than Y in stochastic order (X <4Y), if
and only if S(x — 1) < T(z —1).

Definition 2.3.2. X is said to be smaller than Y in hazard rate order (X <p,Y),
if and only if h(z) > k(x). This is equivalent to

S(x)
T(x)

$x

Definition 2.3.3. X is said to be smaller than Y in likelihood ratio order (X <, Y),
if and only if f(x)/g(x) is non-increasing in x over the union of supports of X and
Y.

Definition 2.3.4. X is said to be smaller than'Y in mean residual life order (X <.
Y, if and only if m(z) < r(z). This is equivalent to

> S(u)

U=x
=

> T(u)

uU=x

Definition 2.3.5. X is said to be smaller than Y in harmonic mean residual life
order (X <pmn Y), if and only if

1 — 1 —
p 2500 =32 Tl

Definition 2.3.6. X is said to be smaller than Y in increasing convez order (X <;e.
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Y), if and only if
> Sw) <Y T(u).

Definition 2.3.7. X is said to be smaller than Y in probability generating function
order (X <,,; Y), if and only if E(s*) > E(s") for all s € (0,1). This is equivalent

to
Z s*S(u) < Z s“T(u).

u=0 u=0
Definition 2.3.8. X is said to be smaller than Y in moment generating function
order (X <ugs Y), if and only if E(e'X) < E(eY), for all t > 0 provided both

expectations are finite.

2.3.2 Ageing classes

The ageing classes in the discrete case are defined analogously to the continuous case.

From Lai and Xie (2006), we give the following definitions.

Definition 2.3.9. The distribution of X is said to be increasing (decreasing) fail-
ure rate (IFR/DFR) if and only if h(x) is increasing (decreasing) in x. This is
equivalent to (Barlow and Proschan (1981))

S(x+1)

Wil’@x)-

Definition 2.3.10. X is said to be IFR(2) if and only if for ally € N

1 T+y
ay(x) = 5@ ; S(u) | .

Definition 2.3.11. The distribution of X is said to be NBU (new better than used)
if and only if and only if S(x +y) < S(x)S(y) for all x,y € N.

Definition 2.3.12. The distribution of X is said to be new better than used in expec-
tation (NBUE) if and only if E(X —z|X > z) < E(X) for all x. This is equivalent

to m(x) < p. The distribution of X is said to be new better than used in expectation
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(NBUE) if and only if E(X — x| X > x) < E(X) for all x. This is equivalent to
m(z) < u.

Definition 2.3.13. X is said to be new better (worse) than used in failure rate-
NBUFR (NWUFR) if h(z) > (<)h(0) for every x > 0.

Definition 2.3.14. The distribution of X is said to be decreasing (increasing) mean
residual life (DM RL/IMRL) if and only if m(z) is decreasing (increasing) in x for

all x.

Definition 2.3.15. The distribution of X is said to be decreasing (increasing) vari-
ance residual life (DV RL/IV RL) if and only if V(z) is decreasing (increasing) in

x for all x.

Fagiuoli and Pellerey (1994) discussed more advanced concepts of ageing.

Definition 2.3.16. We say that the distribution of X is IFR(2) (DFR(2)) if for all
t>0

z—1+1 S(U)
S

u=x—1

Definition 2.3.17. The distribution of X is NBU(2) if for allt and x > 0

T+t

Sx=1)) Su—1)>) S(u-1).

They have also proved that

NBU(2) => NBUFR.

2.4 Origin and interpretations of equilibrium dis-

tributions

Suppose that we have a set of components with continuous, independent and iden-
tically distributed life times Lj, Lo, Ls, ... with pdf f(x), such that f(x) — 0 as
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x — 00, survival function S(z) and finite mean g and that the first component is
replaced upon failure by second, second by third and so on. Then the sequence of
points S,, = L1+ Lo+ ...+ L, constitute a renewal process. At a fixed time t > 0, if
N(t) = sup{n : S, < t}, the random variables U; =t — Sy() and V; = Sy()41 —t are
called the age and residual life of the component working at the time ¢. Then both
the age U, and residual life V; of the component in use at the time ¢, have the same
asymptotic distribution with pdf

fw =29 4> (2.23)

I

as t — oo (Cox (1962)). This distribution is called the equilibrium distribution or
stationary excess distribution of the lifetime of the component. This distribution is
always J shaped and has a unique mode at x = 0. The exponential distribution has
been shown to be the only one for which the distribution of failure time coincides

with its equilibrium distribution.

An alternative interpretation of the equilibrium distribution was also given again
by Cox (1962). In the above discussed process, even if the life times Ly, Lo, L3, . ..
are not independent, the residual life of a component has the equilibrium distribution
, at a randomly chosen time point.

If X denote the life time of a component or system, Cox and Lewis (1966) showed
that the distribution (2.23)) can also be obtained as the distribution of the prod-
uct of two independent random variables, L and U, where L is a random variable

corresponding to the length biased distribution of X with pdf

z [(z)
I

L 2>0 (2.24)

and U is distributed as uniform over (0,1). This shows that the random variable
corresponding to (2.23)), say X, is smaller than L in the usual stochastic order.
Length biased distribution is a special case w(z) = z, of the weighted distribution of

X having pdf @ £(2)
E(w(X))

where w(z) > 0 and E(w(X)) < co. Weighted distributions arise when the observa-

fw(x) = x>0, (2.25)
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tions generated from a stochastic process are recorded according to the weight func-
tion, w(z) (Rao (1965)). Brown (2006) established that L is identically distributed
as (XX > X).

The equilibrium distribution is also a special case of the weighted distribution

with the weight function,
1
h(z)’

which was noted independently by Jain et al. (1989) and Gupta and Kirmani (1990).

w(z) =

Pakes (1996) viewed the distribution function of ([2.23]) as the image of an operator

called stationary excess operator (.#) on distribution functions, which is defined as

SF@) = o /Ox(l—F(u)) du,

1 T
= ;/0 S(u) du. (2.26)

2.4.1 Higher order equilibrium distributions

For a non-negative random variable X with survival function S(z), Harkness and
Shantaram (1969) extended ([2.23]) by defining the equilibrium distribution of order
n recursively through the sequence (1 — S,,) of absolutely continuous distribution

functions

! Sy du, ©>0, n=123,...

0, rz <0,

(2.27)

where

b = / " Su(u) du (< o)

is the mean of equilibrium distribution of order n and S, (z) is the survival function
of the equilibrium distribution of order n. Note that Sp(z) = S(x) is the survival
function of X, pg = p = E(X) and that Si(x) is the asymptotic survival function of
both U; and V; and consequently p; is their mean value. In the sequel, we denote by
X, the random variable with distribution , so that Xy = X. If the distribution
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function F' is finite on [a,b], where b = inf{z|S(z) = 0}, Harkness and Shantaram
(1969) showed that the limiting distribution is

x v

lim S, <—> =e b, x>0,
n

the exponential distribution.

Pakes (1996) also obtained ([2.27)) by extending the stationary excess operator, .7
defined in ([2.26)) to its n-fold iterates as

(1l =8(x)) =L (S-1(1=8(x))), n=1,2,3,..., (2.28)
where .#(1 — S(z)) =1 — S(x) (Pakes and Navarro (2007)).

Pakes (1996) further established that X,, can be represented as a product of two
independent random variables as, X,, = BL,, where B is random variable having

beta law, 5(1,n) with density function
gt)y=n+1) (1-t)", 0<t<1

and L, is the weighted version of the random variable X having weight function
w(z) = x™. Later on, Brown (2006) obtained the same result by stating that B is
the minimum of n independent and identically distributed uniform random variables
over (0,1).

Pakes and Navarro (2007) showed that we can get the lower order equilibrium
distributions from the higher orders by using the inverse stationary excess operator

defined as follows:

Definition 2.4.1. The inverse stationary excess operator defined as

Dr(1 - S(x))
S (1= 8 =1- ,
over a class A,, n=1,2,,3,... of distribution functions satisfy the following condi-

tions:

1. D*"(1 — S(x)) exists for x >0
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2. 0 <|D™(1—-5(0))] < oo and

3. D"(1—S(x))/D*(1 —S5(0)) -0 as x — o0
where D"(1 — S(x)) is the nth derivative of 1 — S(z) at x.

Thus by using the inverse operator, we get the distribution of X from that of X,

as

SISyl =8(x)) = S (1= S(x) =1-S(z),

provided 1 — S, (z) € A,,.

2.4.2 Discrete case

Let us consider a sequence of repeated trials with possible outcomes E; (j =1,2,...),
which may not be independent and it is possible to continue the trials indefinitely. Let
U be an attribute of finite sequences; that is we suppose that it is uniquely determined
whether a sequence (Ej,,..., Ej,) has, or has not, the characteristic ¥ and we say

that W occurs at the nth place in the sequence E; , E.,,.... Suppose further that U is

J10 g2 "
repetitive with the repeated trials; but the number of trials in between two successive

occurrences of ¥ is not constant and

D fw)=1,

where f(x) = P(¥ occurs for the first time at the zth trial). Let 7 > 0 be an integer
and we start to observe the process after the 7th trial. Then Feller (1957) deduced
that the residual waiting time for the first occurrence of W after the 7th trial takes
place at the (7 + x)th trial is distributed with pm f

fi(z) = 5(@)

L 2=0,1,2,..., (2.29)

as T — oo, where

S@)= Y f

u=z+1
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and

u:ZS(u) < 0.

The distribution ([2.29) is called the discrete equilibrium distribution or stationary
excess distribution and the corresponding random variable is denoted by X;. Also,

the above discussed process is called stationary or equilibrium point process.

Assuming that the probability of a sampled component possesses a certain life
length X is proportional to x. Then the distribution of the total life length L of the

sampled component is

P(L=x)=

when the conditional distribution of the equilibrium random variable X; is uniform
over [0, z]. Hence the conditional distribution of X is given by ([2.29).

Whitt (1985) viewed (2.29) as the image of operator called discrete stationary

excess operator defined by

S (f(z)) = L =0,1,2,.... (2.30)

2.4.3 Higher order discrete equilibrium distributions

Consider a sequence of independent and identically distributed stationary point pro-
cesses with stationary excess distribution . Let a new process be formed by
observing one stationary point process until a point occurs in it, then observing a
second point process until a point occurs in it, and so forth. This is a renewal process
having as its renewal interval distribution, which, can also be obtained by using
the stationary excess operator on . The iterative use of the stationary excess
operator on a distribution gives higher order equilibrium distributions (Whitt (1985)).
The higher order equilibrium distribution converges in distribution to geometric as
the number of iterations increase (Whitt (1985)).
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2.5 Characteristics of equilibrium distributions

If ¢(t) and ¢ (t) are the characteristic functions of the baseline random variable X and
its equilibrium counterpart X; respectively, Harkness and Shantaram (1969) showed
that they are related through

¢(t) — 1
$i(t) = itp 70
1, t=0,

(2.31)

which shows that there is a one - one relationship between the distributions of X
and X;. By extending this to the nth order they established that the characteristic
function ¢,(t) of X, is given by

n! _n—l (Zt)]
bu(t) = { Halil)" [W) JZ%MJ S ] L0,

1, t=0,

(2.32)

where u,, = F(X,,). Moreover, from ([2.31]), they deduced the identity,

E(Xr—H)

E(X]) = m,

connecting the moments of X and X;. They further extended the identity by con-

necting the moments of X and X, as

1 E(X™T)
E(X) = 2.33
for all positive integers n and r. It is to be noted that the relation
E Xn+1
( ) (2.34)

fn = 1) B(X™)

given in the Remark 3.1 of Mukherjee and Chatterjee (1992) and Corollary 2.1 of
Nanda et al. (1996b) is a special case of (2.33). Gupta (1979) showed that the
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hazard rate hy(z) of X characterizes the distribution of X through

S() = 1 e {— /O " () du},

and that hi(x) is the reciprocal of the mean residual life of X. That is

1
)= )
Nanda et al. (1996b) showed that
E(X™H)
H Mz"'ﬂn:m7 n=0,1,2,....

Stein and Dattero (1999) extended ([2.34]) for the residual lives through

E[(X —2)""|X > 1]
(n+1) BE[(X —2)"|X >z’

mp(r) =

(2.35)

(2.36)

(2.37)

where m,,(x) is the mean residual life of X,,. They also showed that the hazard rate

of X,, is the reciprocal of m,_(x)

1

Mmp_1(x)

hn(x) =
Navarro and Hernandez (2004) showed that

M) = hp—1 (),

where 1, (x) is the Glaser’s n function of X,,, defined as

Un(fﬂ) = m7

(2.38)

(2.39)

(2.40)
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Gupta (2007) showed that the stop loss moments of X characterizes the distribution
of X,, through the relation

where

BIx 2] = [ Tlu— o) flu) du

is the n-th stop loss moment and (z); = max{z,0}. Nair and Sankaran (2010)
defined the mean, of the conditional residual life distribution, given the survival of a

component or system after age x with asymptotic survival function as ¢t — oo,

/x : S(u)du

PV >ylUy > z) = —5—,
/ S(u)du

as renewal mean residual life (RMRL),

e(x) = EWV|U > x),
E[(X — 2)*|X > 7]
2 m(x) '

They further established that e(x) characterizes the distribution of X through

sto) = Sy e |- [ i

It is clear from the identity ([2.37)) that

ele) = ma(e) = s,

from which we can say that hy(x) also characterizes the distribution of X.
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2.6 Characterizations involving equilibrium distri-

butions

Several characterizations by way of interrelationships between properties of the orig-
inal and its equilibrium versions have been proposed in literature. In this connection

Gupta (1979) has proved the following results.

(i) The survival distribution is exponential if and only if its equilibrium distribution

is also exponential with the same parameter. Consequently

for all z > 0.

(ii) If X has increasing hazard rate and F(X;) = E(X), then X is exponential and

conversely.

(iii) Let the distribution of X belongs to the one parameter exponential family with
density function
f(x;0) = c(0) h(z) v < < 6.

If £(X;)= E(X) for all # in some interval I, then X has exponential distribu-
tion for all 0 < v < 0 < 4.

Nair (1989) strengthened some of the above results, by virtue of the identities

connecting the reliability characteristics of X and X; in the form

h(z) = hy(z) — h() (2.41)
and ()
m(x) = HTM

The main results therein are the following: The mean residual life of X is linear if
and only if the mean residual of X is linear. This result gives an extension of the

characterization (i) of Gupta (1979) noted above. We have that X is exponential
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with density function

f)=Xxe™, 2>0 (2.42)
or Pareto IT (o, a) with
f(@) = aa(z+a)" @ >0 (2.43)
or rescaled beta (¢, R) with
I8 x\c1
N <z< :
(@) R(1 R) L0<z<R (2.44)

if and only if X, is exponential (\) or Pareto II («,a — 1) or rescaled beta (c+ 1, R))

Jain et al. (1989) characterizes the distribution (2.42) through (2.44) by the

relationship between the survival functions of X and X;. Their result is

Sl (.CE)
S(x)

=1+4cz,

for all z > 0, where ¢ > —p~! is a constant if only if X has a Pareto, exponential or

power distribution according as ¢ >0, c=0or —u~! < ¢ < 0.

In the context of weighted distributions in stochastic modelling Gupta and Kir-

mani (1990) proved that each of the conditions

(1) hi(x) = d h(z)

(i) m(z) = 2m(z), d >0

is necessary and sufficient for X to be Pareto II (0 < d < 1), exponential (d = 0)
and rescaled beta (d > 1) in case (i) and X to be Pareto II (0 < d < 1), exponential
(d = 0) and rescaled beta (d > 1) in case (ii) respectively. Further if X is NBUE and
E(X,) = E(X), then X has exponential distribution and conversely.

Huang and Lin (1995) extended the characterization result involving exponential
distribution of Gupta (1976) and Nair (1989) to the equilibrium distribution of order

n as follows.
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Theorem 2.6.1. If X has finite moments of all orders and if for some r > 1,
E(XI) =FE(X"), n=1,2,3,... then X is exponential.

Another interesting result from their work is that if S(z) and T'(x) are survival

functions of X and Y, their equilibrium distributions are equal if and only if

1-S()=c(1—-T(x)), ¢>0.

Sen and Khattree (1996) showed that the distribution coincides with that
of if and only if X degenerates at 0 and that L = X + X if and only if X
is exponential, where L is the random variable corresponding to the length biased
distribution, . Chatterjee and Mukherjee (2000) extended the result given by
Gupta and Kirmani (1990) involving the mean residual life as, m,(x) = m,_(z) if

and only if X is exponential.

There are many similar results for discrete equilibrium distributions. The char-
acterization theorems were pioneered by Gupta (1979) who provided basic identities
that were used in the subsequent researches. Some of the main findings of Gupta
(1984) are

1. hy(z) = hy(z) for all z =0,1,2,... if and only if X is geometric.

2. If X, is IFR and E(X;) = E(X), then X is geometric and conversely.

3. When X has modified power series distribution

where T is a subset of non-negative integers, a(x) > 0, g(#) and f(0) are positive
finite and differentiable, then the geometric distribution is the only one having

my(xz) = p for all f in some non-degenerate interval I.

Nair and Hitha (1989) derived a characterization of certain distributions in terms
of (2.29) as shown in the following theorems
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Theorem 2.6.2. A necessary and sufficient condition for X to be G(p) (W (a,b);
NH(k,m)) is that Xy is G(p) (W(a,b+1); NH(k+1,m —1)), where G(p) is the

geometric distribution with pmf.,

fG(x>:p (1_p)$7 1'20,172,, (245)
W (a,b) is the Waring distribution with pmf.,

(b)a

(a)az—H

fw(z) = (a—10)

,x=0,1,2...;a>0b, a,beN, (2.46)

where (b), =b(b+1)...(b+ x — 1) is the Pochhammer symbol and N H(k,m) is the

negative hyper-geometric distribution with pmf.,
—1\( —k

( T ) (m—k)
(")

Theorem 2.6.3. The relationship h(x) = Cihi(z) or m(x) = Comy(z) hold for all

x, if and only if X is geometric for C; =1 (Cy = 1), Waring for C; > 1 (Cy < 1)
and negative hyper-geometric for C; <1 (Cy > 1).

fn(z) = L r=0,1,2,.... k>0. (2.47)

Theorem 2.6.4. A mean residual life function of the form m(x) = Ax + b charac-

terizes the distributions (2.45)), (2.46) and (2.47))

The above findings identified the discrete models that possess linear mean residual
life as the exponential, Pareto II and rescaled beta in the continuous case. They also

obtained identities that connect reliability functions of X and X;. These are

mi(x + 1)
m(e+1) = L+ my(x+1) —my(x)
and )
h(z) =1+ hy(2) {1—m} c x>l

Sen and Khattree (1996) pointed out some differences between the discrete and con-
tinuous cases in proving certain analogous results. They considered the weighted

distribution

P =) DI

Y
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instead of the usual length biased model to show that L* is identically distributed as
X + X if and only if X is geometric and X, is independent of X.

Willmot et al. (2005) discussed the properties of higher order discrete equilibrium
distributions from the context of reliability as well as analytic representation for the
stop-loss premium or interest in connection with insurance claims modelling. They
obtained discrete equilibrium model for the geometric, the Poisson, mixed Poisson,
Pascal and the phase-type distributions. A closed form analytic expression for the

k" order discrete equilibrium distribution was also obtained as

[(_wi (“j - 1)f(x—j) + k_l(—1>m(m:n>E [(k—f— m>H

Sk(z) = " :
E()]
x=0,1,2,..., k = 1,2,3,... provided that E[X(X —1)--- (X —k+1)] < 0.
Alternatively,
k oo
-~ — o — 1)k-1)
Sk(l‘) - E [X(k)] m§k(m z 1) f(m)7

where a*) = a(a — 1)---(a — k + 1). More properties of the distribution will be
discussed in Chapter 4.

2.7 Ageing classes involving equilibrium distribu-

tions

There are two different applications of equilibrium distributions in studying ageing
properties. The first is to interpret the traditional concepts of ageing in terms of
properties of equilibrium distributions. These interpretations often act as tools in
providing various properties of ageing classes. Secondly, we have some new ageing
classes based on comparison between the reliability concepts of the baseline and equi-
librium distributions. In the present section we review some important developments

in this connection.

Gupta (1979) proved that the IFR (DFR) property is preserved under the forma-
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tion of equilibrium distribution and also that the converse is not true. Deshpande et
al. (1986) argued that stochastic comparison between X; and X are meaningful from
the point of view of ageing on the premise that the life distribution of the unit, which
ages more rapidly, will come off worse in such a comparison. They have established
some correspondence between the characteristics of X with those of X; as shown

below.

Theorem 2.7.1. 1. X is DMRL <= X, s IFR,
2. X is DMRLHA < X, is I[FRA,
3. X is NBUE <= X, i1s NBUFR,

4. X is HNBUE <= X, is NBUFRA <— X >, X1, where Xg has the expo-

nential distribution with the same mean as X,
6. DMRL=DMRLHA = NBUFE and

7. X is HNBUE & i/ hi(t) dt > hq1(0).
0

Gupta et al. (1987) proved that X is DVRL (IVRL) <= X, is DMRL (IMRL).
Gupta and Kirmani (1990) showed that this is again equivalent to X7 <,; (Zmr)X.
They also deduced that X; <y (>4)X <= X is NBUE (NWUE) and X; <,
(>h)X <= X is DMRL (IMRL). Fagiuoli and Pellerey (1993) extended the ageing
notions to higher order equilibrium models. They defined (n + 1) — * ageing classes
of X which in fact is * ageing classes of X, where % denotes any of the ageing
classes. It should be noted that 1 — x is the same as *. Fagiuoli and Pellerey (1993)

also established the following results comparing the random variables X,, and X,,;, =
(X, —t| X, > t).

Theorem 2.7.2. For allt > 0

1. X >p Xy & X, is IFR,
2. Xn Zst Xn,t ~ Xn 18 NBU,

3. Xo Ziew Xus < X, is NBUCY,
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4. Xp Zicw Xnt & X, is NBUCX.
Theorem 2.7.3. 1. X, is NBUCV = X, 1 is NBUFR and

2. Xp+1 s NBU = X,, NBUCX = X,, ;1 ts NBUFR.

Abouammoh et al. (2000) put forward some new ageing classes derived from

renewal theory, which are stated below:

Definition 2.7.1. 1. X is said to have new renewal better (worse) than used par-
ent (NRBU / NRWU) property if and only if (X —z|X > z) <g (Za)X;.

2. X is called new renewal better (worse) than used parent in expectation (NRBUE

/ NRWUE) if and only if E(X — x| X > z) < (>)E(X4).

3. X is called harmonic new renewal better (worse) than used parent in expectation
(HNRBUE / HNRWUE) if and only if X1 <g4 (>4)Xg, where Xg is and

exponential random variable with mean ;.

Abouammoh et al. (2000) further specified that NRBU —> NRBUE — HNR-
BUE. Hu et al. (2001) showed that X is I[FR < X; <;. X. They also extended the
above relations to higher orders. Much of the applications of the above three concepts
become limited in the light of the findings of Bon and Illayk (2002) that, if the first
two moments of X are finite then the life distributions possessing these properties
are gathered in the exponential class. Abouammoh and Qamber (2003) studied an

ageing class defined as follows:

Definition 2.7.2. X is said to be new better (worse) than renewal used (NBRU /
NWRU) if and only if

ng) /tooS(uﬂ) du < (2)[0 S(u) du,

for every t,z > 0. This is equivalent to (X; —z|X; > z) <4 (>4)X and (X —z|X >
ZE) Sicx (chx)X or

oo

S(u) du < S(z) /t " S(u) du.

t+x

We can see from the definition that NBRU is the same as NBUCX.



Chapter 3

On Some Properties of Equilibrium

Distributions of Order n

3.1 Introduction

The present chapter is an attempt to supplement the existing literature with ad-
ditional results that relate the original and nth order equilibrium distributions and
facilitate characterizations of certain life distributions. There have been very few
attempts in this direction other than those for first order equilibrium distributions.
Various reliability characteristics worked out for S(z) and S, (z) are linked by certain
identities that facilitate comparison of the two distributions by properties useful in
reliability modeling. Recall that if X is a non-negative and absolutely continuous
random variable with survival function S(z) satisfying F(X™) < oo, the n'* order

equilibrium distribution of X is defined by

Sp(x) = ! /OO Sp_1(u) du, (3.1)

where

38
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with po = p = E(X) and Sp(xr) = S(z). The usual equilibrium distribution is
Si(z) and S,11(z) is the residual lifetime in the equilibrium renewal process with

components having lifetime distribution S, (z).

3.2 Basic results

Let X be a non-negative random variable representing the lifetime of a component
or device with absolute continuous survival function S(z) and density function f(x).
First we obtain a direct relationship between S(z) and S,(x) defined in (3.1). Inte-
grating by parts on the right side of

we get

Si(z) = —[—xS(x)—l— / Oouf(wdu],

Again integrating by parts on the right side of the equation for Sy(z), obtained from

(3.1)), we get
1 o0
SQ T = — Sl U dua

1 (o]

= {—mSl(x) —i—/x ufy(u) du] ;
1 > =

— M_,u1 {—x/x S(u) du—l—/x uS(u) du],
1 [e¢]

- m : (u—z) S(u) du,

1

_ /:O(u ) f(u) du.

2!
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Hence by induction,

1

S,(z) =
(@) n! ppaps - fla

/:o(u — )" f(u) du.

Further, assume that F(X"™) < co. Then incorporating (2.36)) in the above identity,

S.(0) = e [, (e du,

 E[(X = 2)"X >
_ E(X") S(J}) )

_ ),
= 205w (32)

where r,(z) = E[(X — 2)"|X > z], the n'® moment of the residual life of X. We
note that expression (3.2)) is equivalent to expression (3.7) in Gupta (2007) but with

a different method of derivation. Let

—dlog Sy, (z
) = =5

and

1 o0
mp(x) = Sn(lf)/x Sn(u) du

be respectively the failure rate function and the mean residual life function of S, (z).

Using the general relationship between failure rate and mean residual life given in

(2.8)

_ 1+m ()

hn(x) = (n) (3.3)

where prime denotes differentiation. From ([2.38]) we have the recurrence relation con-

necting the mean residual lives of the n'* and (n— 1) order equilibrium distributions

Mp—1(x) = H—mnT(Z()x) (3.4)
From and ,
hcr(2) = () — 222) (35)
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and

dlog h,(x)
de

Stein and Dattero (1999) considered the Bondesson’s functions

hn<l‘> = hn_l(l’) +

E(X —2)"X > x)
nE (X —z)" 11X >z)’
B ((X - 2)2)
nE (X —z)i ")’

for integers n > 1 and all x such that S(z) < 1 and (X — z); = max(X — z,0) and

a new sequence
S(n)(x) = / S(n_l)(u) du

with S(1y(x) = S(z). They obtained the identities

E((X—2)1) = nl Spen(a),
n! Sp1(x) papia - fhn-

From the definition (3.1)),

Seale) = = [ S, du

This gives

(3.7)

by virtue of the above relationships.

Further, the moment relation of Nanda et al. (1996b), given in (2.36)), is a special
case of the Stein - Dattero identity (3.7)) as = tends to zero.

We now give a new interpretation to m,(z). Assume that we have a set of compo-



3.2. Basic results 42

nents with lifetimes Ly, Lo, ... which are independent and identically distributed with
distribution function F'(z) and finite mean pu. If the first component is replaced upon
failure by a second component and so on, L; + Ly + --- + L, constitutes a renewal
process. Denoting by U, and V. the age and residual life of the component in use at
time 7, the asymptotic distribution of U, or V is called the equilibrium distribution
corresponding to F'(x). The joint distribution of age, U, and remaining life, V, in the

equilibrium renewal process is specified by the survival function

1 oo
P(UT>U,‘/T>U)=;/ S(t) dt , u,v > 0.

“+v

Accordingly the conditional distribution of V, given U, > wu has survival function

/ S(t) dt
u+v

/u TSt i

/UOOS(t+u)dt

/u T Sw) dar

PV, >ov|U, >u) =

with the density function,

S(v+ ) U:OS@) dt]_l, b0

and hence the nth moment of the conditional distribution,

en(u) = EWVIU->u) ,

_ :/uOOS(t)dt]_l/ooot”S(Hu)dt,
_ _/wS()dt}l/m(t—u)”S(t) dt |

B P /5 ) dt /uoo(t—u)"“f(t)dt

X —u)"MX >
(n+1)E[(X—u)|X >l
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Tn+1 (u)

- D ) (3.8)
Thus m,(x) and e,(x) are connected by
mp(x) = n(2) = en-1(2) : (3.9)

nro_1(x) (n—1) e, o(x)

The quantities ri(x), m,(z) and e;(x) = e(x), represent mean residual life functions
respectively of the original distribution, the n'® order equilibrium distribution and
the residual life distribution of the equilibrium renewal process (RMRL). A weighted
distribution argument can throw light on the differences between the three functions.
While 7 (x) is the mean residual life function of X, e;(z) is the corresponding quantity

for the weighted density
fu(z) =

with w(z) = [h(z)]”". The density function of the n'* order equilibrium distribution

18

. Snfl(ﬂf)
fula) = =2
which is the weighted form of f,_;(z) with w,_1(2) = [hn_1(2)] " as the weight, and
hence ()
o n—1\T
fn(x) B hn—1($> Hn—1
" faa(2)
By (z) = =08 3.10
1( ) [in_1 fn(x> ( )

The impact of weighting the characteristics of the original distribution is seen from
equations through . Further, the failure rates of equilibrium distributions
are easily computed from the density f,(z). Failure rates of lower orders are found
from and mean residual life functions from (2.38)).
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3.3 Characterizations of certain distributions

First we look at the characterizations of the generalized Pareto distribution (GPD)
with survival function (Johnson et al. (1994, p. 614))

(141
S(x)=(1+%) ( “),x>o;a>—1,b>0, (3.11)

with mean

0
= b

;
in terms of the relationships between the reliability functions, failure rate functions
and mean residual life functions of the original distribution and its nth order
equilibrium distribution. The importance of is that it contains the exponential
distribution with mean b as a tends to zero. Further setting a = (—1)"! and b = aq,

we get the Pareto II (Lomax) distribution
Sx)=ac’ (z4+a)?, 2>0, a>0, >0 (3.12)

with linearly decreasing (increasing) failure rate (mean residual life), while, a = —(1+
d)™'and b= R (1 +d)~! give the re-scaled beta model with
x

d
S(x)z(l—ﬁ> L 0<z<R,dR>0, (3.13)

which has a linearly increasing (decreasing) failure rate (mean residual life). The
following theorem extends the results (15), (16) and (17) of Gupta and Kirmani
(1990) to the n'™ order equilibrium distributions.

Theorem 3.3.1. A non-negative random variable X with absolutely continuous sur-
vival function S(x) and E(X™) < oo forn =1,2,... is distributed as GPD in (3.11)
if and only if one of the following properties hold for all x > 0 and two consecutive

values of n =i,1+ 1

(i) Sp(z) = (1 + cx)"S(x), for some real c
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(ii) m,(x) = C, m(z),
(11i) hp(z) = K,, h(z),

(v) (z) = Ay 11 (2) |
where C,, K, and A, are positive constants.

Proof. (i): Assume that X has GPD (3.11). The survival function of X, is obtained
from (3.2)) as

o = (148"

= <1 + %x>n S(z). (3.14)

Conversely, the condition in (i) means that

=1l+cx (3.15)

or from ([3.1)),

o)

Sn—1(u) du = (1+ cx) prn_1Sn-1(x) .

xT

Differentiating with respect to x,
~Sua(#) = s [eSuma (1) + (Lt c2)S,y (2)]

and re-arranging terms we get,

Sp-1(®)  =(1+cpn)

Sna(w)  (I+cx) pna

where prime denotes the differentiation. Integrating with respect to x,
1

Sp_1(z) = K (1+cx) ' @1 . (3.16)

As x — 0, K =1, showing that S,,_; is GPD with mean pu,_;. This completes the
proof for (i).
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(ii): For the distribution (3.11]),

and

a 1e—ntl [ a \~atn-1
= [1—1——4 <1+—u> du, —1<a< —,
b . b n
 btazx
 1—na’
= C, m(z), (3.17)

from which the result in (i) follows with C,, = [1 —na]™! (> 0). Conversely assuming
the given condition we have from (3.4)),

- My, (7)
) = @)
and ; . O, m(x)
| + C, m/(z)’

m/(xr) = a constant,

which on integration,

m(x) = ax + b,

for some constants a and b, which characterizes the GPD (3.11]).
(iii): Once again, for the distribution (3.11)),

fa(2)

Sn(x)’

_ Sn—1()

= a0 Sum) Y (B3

1-(n-Da(l+52)" " S)
b (1+42) S

hn(x) =
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1= —1)a
N b+ ax
= K, h(z),

from which (iii) follows with K, = 1 —(n—1)a. Conversely assuming (iii), from ({3.6)

we get

1 d

M@ log h(z) = a constant,

which on integration,

L ar+b
h(z)—aﬂf s

for a = K,,_1 — K,, and some constant b > 0. By using the identity ([2.3)) this leads to

S(zr) = exp [— /0 ") du],

o1
_ _ d
P [ /0 au +b u] ’

1

= (1+%x>a,

which is of the form (3.11]) and hence S(z) is GPD.
(iv): Finally, for the distribution (3.11]), the identity (3.9 becomes

ro(x) = nrp_1(z) my(x),
= n C, ri(z)rp_1(z), by result (ii),
= n! C,Cph_y -+ Corf(x),
= A, (@)

where A, = n! C,C,,_1---Cy > 0 and hence the result (iv) follows. Conversely
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assuming r,(x) = A,r?(x) and the identity (3.9)) that

. Tn(x)
mn(x) - nr,_ 1( )

)
Apri(z)
nA,_1ry” 1(.91:)7

A,

= —nr(2),

nAn—l
= B, m(z),

satisfying the condition for the result (ii) with B, = A,(nA,_1)~'. Hence S(z) is
GPD. |

Remark 3.3.1. (a) In the exponential case S, (x) and S(z) are identical. Hence all
the reliability characteristics of the exponential distribution remains unaltered

for the n'™ order equilibrium distribution.

(b) All the three distributions, exponential, Pareto II and beta keep the same form
for Sy (x), with failure rate (mean residual life) gradually decreasing (increasing)

for Pareto 11 with increasing n. The beta model exhibits the opposite behaviour.

Remark 3.3.2. [t is clear from (3.17)) that m(x) < my(z) < mo(z) < ... < my(2)
for the GPD with a € (—1,1/n). By virtue of (2.38), it is also clear that h(z) >
hi(z) = ho(x) =

Lemma 3.3.1. The distribution of X is a generalized mixture of exponentials specified

by
S(z) = ae™ 4 (1 —a)e ™, > 0; a >0, 0< A <X, (3.18)

if and only if S,(x) forn = 1,2,3,... is also a generalized mizture of exponential

distributions, with different mixing constants.

Proof. Suppose X has the survival function (3.18)), then the survival function of
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X1 18

where

The survival function of X5 is
SQ (ZL’) = z

1 1—-
— |:Oé 6—>\1$ + 2ae—)\2x:|

¥+ 50 A A
and in general,
1 @ -«
Sp(x) = ————— | —e M7 f ——e 72T 3.19
)= s 1= {Xfe Ny (3.19)
1 2

is again a mixture of exponential distributions of the form
Sp(x) = Ope ™% 4+ (1 — 0,)e 2"

with

a
n
)‘1

0, = ey
AT g

Conversely, assume that S, is a mixture of exponential distributions of the form
(3.18). Then by successive applications of Definition on S, (z) for differentiation

of order one we get

a)\?-ﬁ-le—)\lx + (1 o Oé))\g'i‘le—)\ﬂ
S(I’) = n+1 n+1 ’
Al + (1 — o)A
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which is again a mixture of exponential distributions. Hence the lemma is proved. W

The following theorem now follows from the Remark 2.3 of Navarro and Ruiz
(2004) for the case n = 1 and from the Lemma [3.3.1}

Theorem 3.3.2. A non-negative random variable X with absolutely continuous sur-
vival function S(x) with E(X™) < oo satisfies the relationship

for all x > 0 and each n = 1,2,... if and only if X has the generalized mixture of
exponential distributions ([3.18), where 0; = \; i =1,2.

Proof. To prove the ’if” part, we note in the case of (3.19),

1 e}
mp(z) = Sn(x)/x Sp(u) du,

A" le M 4 (1 — @)\, le e
al{"e MT 4 (1 — a) N\, "e rer

1
my_1(x)’
aA;TeMT 4 (1 — a) Ay e

ae T 4 (1 — )\ "eHer

and

verify the identity,

069111926% +(1— 04)91(936;7;
a@’fe%lm + (1 — a)«%”e%;@leg,

01 + 0y — 01050, (x) = 61405 — 6,0,

= my(z).
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In establishing the only if part, we write (3.20) as

/ " Su(u) du = (0 + 62) Sa(x) + 9192“;;‘”). (3.21)

Setting [ S, (u) du = y, ([B-21) becomes second order differential equation with

The corresponding auxiliary equation is
91927’)’12 + (01 + 82) m+1= 0,
which has roots —f; ' and —6;" and hence the solution of ([3.21) is of the form

A, -z B, -=
Sp(z) = —eh + —ef2.

A 05
This gives
Ay == By ==z
S(x) = 9—10691 + 0—20692 .
As z tends to zero,
A[) X BO —1
6, 0y

so that by taking 6,4y = «,
S(z) = ae® + (1— 04)6%,

a mixture of exponential with means 6; and 6, for the components . This completes
the proof. [ |

Remark 3.3.3. Nassar and Mahmood (1985) have proved that, X is distributed as
a mizture of exponentials of the form with means \; and 0 < a < 1, if and
only if

m(x) = A + Ay — M Ah(z).
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This result was generalized in Abraham and Nair (2001) with the identity
m(z) = (1 —az) (A1 + A2 + adide) — MAs (1 + az)’h(z)

characterizing the mizture of exponential (a = 0), Pareto (a > 0) and rescaled beta
(a < 0). Navarro and Ruiz (2004) modified the exponential case for general miztures

i which case o can also be negative.

Our next theorem is to characterize the generalized Pareto law using a specific

relationship between e, (z) and the mean residual life of X.

Theorem 3.3.3. The distribution of X s GPD if for three consecutive integers
n—2, n—1, nand allx >0

en(z) = C, () (3.22)

where C,, is some constant, independent of X and conversely if (3.22]) holds for three

consecutive values of n, then X has GPD.

Proof. First we assume that X follows generalized Pareto distribution. Then

n

ro(x) = E[(X —2)"|X > 2],
() [ e )
e [ en)
0

n (BH\" 1
¢ ) (—) B(n+1, 1+——n) ,
a a

=3

S
:_/

S
<

I
T
—_
+
Q|
/N
—
+
S
8

since 71(z) = b 4 ax. Hence from ([3.8)

Tn—&-l(x)
(n+1) ri(z)’

Appr 7 (2)
(n+1)r(x)’

en()



3.4. Characteristic function approach 53

= C,ri(x).
Conversely if ([3.22)) is true for n, n — 1 and n — 2, we use (3.9) to find

M () = pn 11 (2)

for some constant p, and therefore, by Theorem [3.3.1) X has the distribution stated

in (3:11). n

3.4 Characteristic function approach

There are distributions specified by characteristic functions which do not have closed
form expression for their distributions. In such cases, the computation of equilibrium
distributions and verification of their properties becomes difficult. Further, sometimes
it is easier to work with characteristic functions instead of distribution functions. We
therefore investigate the relationship between the characteristic function of the n'* or-
der equilibrium distribution and the parent distribution. If ¢, (¢) is the characteristic

function of S, (x),

o) = [ ha) ds,

0

= / 'S, 1 (x) dr
0

_ P -1 (3.23)

Z.t,un—l

Iterating for n,

(it)rru/ll e ,ur] it 7& Oa (324)
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where ¢(t) is the characteristic function of X. Using the relationship (2.36)) and the

notation o, = F(X") in (3.24),

o) = M|,

_ l!i(w Anir X (3.25)

Let X,, denote the random variable corresponding to the n'* order equilibrium dis-
tribution. Then the moments of X,, are related to the moments of X by
nlrl ap,,

= B(X") = ,r=0,1,2,... . 2
b= BOG) = e v =0 (3.26)

Specializing for » = 1 we get the results of Nanda et al. (1996b) relating the means
of Sy(x) and S(z). Further if we work in the same manner with the residual life

distribution of X, we have

nlrl E[(X —x)"X > 2]
(n+7r) E[(X—2)"X >z ’

E[(X,—2)"|X >z] = (3.27)

which is a generalization of the formula for m,(x) given by Stein and Dattero (1999)
stated in (3.7)).

We now illustrate the use of characteristic function approach in the following

theorems. Consider the gamma distribution (G(6, A)) having the density function

/\0
flz) = W@*%Q*l, z>0; A0 >0, (3.28)

with parameters (6, \). Special cases of (3.28) are characterized in the following

results.

Theorem 3.4.1. A necessary and sufficient condition that X follows G(2, 2/u),

where 0 < p = E(X), is that its equilibrium distribution of order n is a mizture of
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G(2, 2/pn) and G(1, 2/p) and mixing constant
1
0, =
n+1
form=1,2,3,... and all x > 0.
Proof. First assume that X has G(2, 2/u) distribution with density function
4 @
f(x):—xe_%, x>0
7
and characteristic function
1t
= (1-21
o= (1- )
Then from ([3.23)),
1 it -
) = —|(1-2£) -1
"= G [( 2 ) ] ’
1 itp\ 2 itp
= —\(1——) |itn—(—5]) |
it 2 2
_ (ot L i)
2 2 2 2
N N =2
_ Lo ey
2 2 2
Now by induction using ({3.23))
n it ! 1 it -
(1) = R 1 ZH 3.29
on(t) n+1< 2) +n+1< 2) (3:29)

which is the characteristic function of the mixture of distributions stated in the theo-

rem. This proves the necessary part. To prove the sufficiency, we note that whenever
Sy, is the mixture of gamma distributions as stated in the theorem, ([3.29) is true for

n = 1. From (3.24)) we have
¢(t) — 1

ult) = ity
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or
o) = 1+itp di(t) .
1. it ! it~
= 1+ it 1—— 1——
() (0-3) ]
. . -2 .
it it wu
= 14+ —1(1-— 1——+41
) [
2T .
it . it
= 1 1— -2 tu — [ ZE
() o (3)]
= 1+ (1 Zt“_2_1 o an
B 2 2 ’
e
2
as required. [

A second application of the above result is in mutual characterizations of two
probability distributions. Let X and X,, be random variables considered above and
let Y be another random variable independent of X with characteristic function ().

Then we have the following theorem.

Theorem 3.4.2. Let X,, be identically distributed as X + Y for two independent
random variables X and Y, then X s exponential if and only if Y degenerates at

ZET0.

Proof. Assume X,, and X 4+ Y have the same distribution, with X having expo-

nential distribution. Then with the above notations,

On(t) = o(t) ¥(t) . (3.30)

Since X is exponential with mean o from (3.23)

1
1 —ito

¢(t) = on(t)
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and hence (3.30) gives ¥(t) = 1 or Y degenerates at 0. Converse is obtained by
assuming ¢ (t) = 1 and therefrom ¢, (t) = ¢(t) so that (3.23) gives

1
1 —idto’

(1)

the characteristic function of the exponential distribution. [ |

Remark 3.4.1. The above Theorem extends some results for the case n = 1 studied
in Pakes (1996) and Pakes et al. (2003).

3.5 Characterizations of ageing classes

In this section, we deduce some results which give alternative definitions of certain
ageing classes in common use, in terms of stochastic orders of equilibrium distributions
and their residual life distributions. Most of the results, which discussed on baseline
distribution or lower order equilibrium distributions, hold for their higher orders as
well. Following theorem gives some interpretations of the IFR notion.

f(z)

Theorem 3.5.1. X, IFR s equivalent to —————
S(x+1)

Tx, forallt > 0.

Proof.

X, IFR < (X —ulX > u) <p, X, by Definition 2.2.11
fetu)  Sw  _ f@
Su) Su+z+y) ~ Sx+y)
for all z,y,t,u > 0, by Definition 2.2.3]
f(z)

—_— for all .
& S($+y)Tx orally >0

Remark 3.5.1. We can deduce similar interpretations for the DFR class by reversing

the inequalities.
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Shaked and Shanthikumar (2007, p.243) have established that

/ e S (u) du
/ eI () du

(X —z|X>2)<p YV —2z]Y >2)e 1z,

for all s > 0. Following lemma is an extension of the result, which is used to prove

some equivalence relations involving Laplace transforms.

Lemma 3.5.1. Let X and Y be non negative continuous random variables with sur-

vival functions S(x) and T(x) respectively. Then for all z, y > 0, and s > 0,

/ eV S (u) du

+y \J/'T

/ eI () du

(X —(z+y)|X>(@+y) <y Y —z2|Y >2)<

Proof. Forall x, y > 0,

/ e ST S () du

+y \l,l'

/ e () du

/ e ISy +y) du
/ e I () du

p / e S (u + y) du

A = S 07

dr / e’s(“””)T(u) du

< — S+ y)/ e WO (4) du + T(x)/ e S (u +y) du <0,

=

1z,

1

oo 1 %
- —s(u—z) < - —s(u—x)
<Z>S(x+y)/x e S(u+y) du_T<$>/x e T(u) du,
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1

[oe) 1 o
&S e "Slu+x+y) du< / e "T'(u+ ) du,
ey, s ans g [T )

SX —(x+y)|X > (x+y)) <p (Y —z|Y >z), by Definition 2.2.2]

The following theorem discusses the equivalence conditions for DMRL notion.

Theorem 3.5.2. X, DMRL is equivalent to any of the following

1. h(z) m(z+y) <1, >0,y >0,

2. S(lm)/ S(u) du | x, for all y >0,
Tty

3 (Xi—yl Xy >y) <pr (X —2z|X >2x), 2 <y < o0,

4. (X1 —ylXi>y) <qg (X —2|X >12), 2 <y < oo,

5. (Xhi—ylXi>y) <p (X —z|X >2), 2 <y < oo,

6. (X1 —ylX1>y) <p (Xg—2z|X;>x), 2<y<o0.

Proof. 1. Assume that
h(z) m(z+y) <1, >0,y >0.

Using the general relationship between h(z) and m(z) given in (2.8)), the above

condition is equivalent to

The above inequality is true only when at least one of the terms of the product
on the left is less than or equal to 1. But when one term is less than one, the

other also satisfies the same condition so that X is DMRL. Conversely, if X is
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DMRL, then 1 +m/(z) <1,

m(z + y)

(@) <1

and hence h(x) m(z +y) <1, for all z > 0 and y > 0.

X, DMRL & (X —t|X >t) <, X, for all t > 0, by Definition 2.2.16

S [ S(u+tt) e
S+ 9 / s M5 /ﬁyS(“) .

by Definition 2.2.9]

1 /°° 1 /°°
& S(u) du < —— S(u) du,
SETD Jergre - =50y [, 5@
1

& —/ S(u) du | z, for all z, y > 0.
(.’I) Tty

3. Forall 0 < x <y,

(X1 —ylXy > y) <pr (X —2[X > 1)
Shi(t+y) > h(t+x), forall t > 0,

Sh(t+2) m(t+y) <1, by using (2.38),
<X is DMRL, by result 1 of this theorem.

4. For all 0 < z <y,

(X1 —ylX1 > y) <o (X —2[X > )
Si(t+v) < S(t+ x)

Sily) = Sz)
fit+x) _ fi(z)
(:5'1(75%-?/) = Si(y)’ by B1).

<X is IFR by Theorem [3.5.1
<X is DMRL.
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5.
X, is DMRL = (Xi —y|Xi>y) <a (X —2[X > z),
= (X1 —ylX1>y) <p (X —z|X > ).
Conversely for all y > z > 0 and s > 0,
(X1 —ylXy >y) <p (X —2|X > )

/ e~ =08 (u)du

+t
/ e~ S (u)du

by Lemma [3.5.1) and which on integration by parts,

=

\an t:y_l'7

Si(z 4 1) — s+ / e~ £, (u)du
& - Lz,
S(z) — 65’3/ e " f(u)du
Sl(l‘ + t)
W \L T, as s — 00,

fi(z)
ﬁm 1z, by 7

=X, is IFR, by Theorem [3.5.1

=X, is DMRL.

X, DMRL < X, IFR,

& (Xy—y| Xy >vy) < (X7 — 2| X7 > z), by Definition 2.2.11

The behaviour of the IFR (DFR) classes of distributions in the case of equilibrium
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distribution of order n, is discussed in the following theorem. It is to be noted that
X, IFR = X, IFR(2) = X, DMRL (X, IFR) = X, IFR(2) = X;, DMRL ....

Theorem 3.5.3. If X is IFR (DFR) then

1. h(z) < (>)hi(x) < (>) ho(z) <(>)... and

2. m(x) > (S)ma(x) = (S)ma(r) = (<)....
Proof. Suppose X is IFR, then A/ (z) > 0 for all n and = > 0. Hence by (3.5)), it

is clear that

h(z) < hy(z) < ho(z) <....

For proving the second relation, we note that X is IFR = X is DMRL and then
m, (x) <0 for all n and # > 0. Thus the result follows from the identity (3.4)). We

can prove the results for DFR by reversing the inequalities. [ |

The following theorem discusses behaviour of equilibrium distributions having
bath-tub shaped hazard rate. To prove the theorem, we use Theorem 4.2 of Lai and
Xie (2006), which states that if X is BT then m(z) is of UBT shape for A(0)p > 1
and m(x) is decreasing for A(0)u < 1. It is also to be noted that m,,(0) = u, for all
n=1,2.3,...

Theorem 3.5.4. Let h(z) be differentiable. Then any one of the following hold.
1. X, is BT = X,11 is BT, if lir% m, (z) = liH(l] hp(x) my(x) —1 > 0; moreover
T—r T—
if by, 1 (20) = 0 for some xg > 0, then hy, (o) = hpt1(20).

2. X, is BT = X, is IFR, if lir%m;l(x) = 1iII[1) hn(x) mp(x) —1 <0.
T— T—r

Proof. Let us assume that h,(0) m,(0) > 1.

1

hn-l—l(x)
= Xn+1 is BT.

X, is BT = my,(z) = is UBT,
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Suppose g is a change point of h,1(x) then A/, (x9) = 0. Thus, using the identity
(3.5), it is clear that h,(xg) = hui1(x0). The second part is also clear from the
Theorem 4.2 of Lai and Xie (2006). |

Remark 3.5.2. Let h(x) be differentiable. Then it is also clear that

1. X is UBT = X, is UBT, if liH(l)h(:C) m(x) < 1.
T—

2. X is UBT = X; is DFR, if ling)h(a:) m(z) > 1.
z—

Now consider the UBA notion given in the Definition [2.2.21] It is clear that
X, UBAs (X —z|X >2) >4 Xpg,

where X has the exponential distribution with mean pp = hm m(z). The following
theorem discusses the relationship between the UBA and UBAE classes of equilibrium

distributions.

Theorem 3.5.5. Suppose 0 < m,,_1(00) < 0o, then

X,_1, UBAE (UWAE) => X,,, UBA (UWA).

Proof. From (2.3),

Sul +1) = exp B /Ht hp(w) du + /x hn(u)] )
- 0:c+t ’
= exp —/ hn(u)du},
R 1
= exp _—/z mn—l(u)du] , by .

Form (2.9) we can see that lim m’,(z) = 0 and also from (3.4),

T—00

mp—1(x) = HT;(:U)’
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and
lim m,,_1(x) = lim m,(x). (3.31)

T—r00 T—r00

Now, if X,,_; is UBAE,

T+t 1 x4+t 1
1(2) > M @S )
M1 () 2 M1 (00) = /x M1 () ! _/x My-1(00)

x+t 1 -+t 1
= exp —/ ————du| > exp —/ —du
s Mp-1(u) s Mp-1(00)

Snlz 1) > exp {_—tl = exp {mn_(ioﬂ , by

Sn(z) My—1(00)
= X, is UBA.

du,

Remark 3.5.3. If 0 < m,(c0) < oo, then for all n,

X, UBA= X, UBAE = X,, UBA= X,, UBAE = ....

In the following theorem, some characterizations of DVRL class are discussed

using the equilibrium distributions and residual lives.

Theorem 3.5.6. X, DVRL or Xy, DMRL is equivalent to any of the following

1. (X7 —yl X1 >y) <pm (X —2|X > 2),
2. (Xq1 —y| Xy > y) <ieo (X —2|X > 2),

3. (Xl —y|X1 > y) <hmrl (X —.CElX > LE),

for all y > x > 0.
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Proof. 1. Forally > x > 0,

(X1 =yl X1 > y) St (X — 2]X > 2)
< my(t+y) <m(t+ x),
S hi(t+xz) mi(t+y) <1, by (2.39),
< X1 is DMRL, by result 1 of Theorem [3.5.2
< X is DVRL.

2. Forally >z >0,

(X1 —y[X1 > y) <iew (X —2]X > 1)
< (X1 —y| Xy > y) <mm (X — 2| X > z), by Definition 2.2.9
& X, is DMRL,
< X is DVRL.

3. Forally > x>0,

(X1 =yl X1 >v) <pmn (X —2|X > 2)
S (X7 —y| Xy > y) <pm (X — 2|X > x), by Definition 2.2.9
o X, is DMRL,
< X is DVRL.

Theorem 3.5.7. X, DVRL if and only if (X1 —y| X1 > y) <um (X —2|X > x), for
y>x>0.

Proof.

(Xl _y|X1 > y) <url (X —IlX > ZL‘)
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Sl(y)/ / Si(v+y) dv du
4 t, by Definition [2.2.6],

/ / (v+ ) dv du

/t Sl( ) dv du

/ ) dv du

And too \l/tv by 7
Si(u+z) du

tit by (3.1)),
t,, again by (3.1 .

& X3 s IFR, by result 1 of Theorem [3.5.2
< X, is DVRL.

1,

—)&.

Now, let us consider the generalized increasing mean residual life (GIMRL) class
discussed in the Definition [2.2.28] Tt follows from the definition that for any z > 0,

1 o

X, GIMRL <« S(x—l—t)/ S(u) du 1t,

S(t) m(t) m(t)

S(x+t)
S5()

T Saromm "
fit)  Si()

= filx +1) fi(?) T4
Si(t)
& Toaplt (3.32)

It is also clear that GIMRL = IMRL as z — 0. The following theorem gives some

=

interpretations of GIMRL in terms of the residual lives of equilibrium distributions.
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Theorem 3.5.8. X, GIMRL s equivalent to any of the following for all y > x > 0.

1L (X =yl X >y) <p (Xq7—2|X;>2),
2. (X—y’X>y) <t (X1—1‘|X1>.27),
3. (Xl — y|X1 > y) <u (XQ — .Z"XQ > 1’)
Proof. 1. Forally >z > 0,
(X —y|X >vy) <pr (X1 —2|X7 > 2)

Si(t+x) S(y) ..
t, by Definition [2.2.
5.(0) S+9) 1 t, by Definition 2.2.3]

S(t+vy) Tt
Sl(t—f‘l’)
YA T, by (3.1),

<X, GIMRL, by (3.32).
2. Forally >z >0,

X, GIMRL = (X —ylX >y) <p (Xi—2z|X;>2),
= (X —ylX>y) <p (Xi—2z|X;>2).

Conversely by the Lemma [3.5.1

(X —y|X >vy) <p (X5—2|X;1>2)
/ e G(u) du

& Lzt b, t=y—u,

/ e 0 S (u) du

which on integration by parts,

S(z+1t) — /:O e f(y) du
T+t J/ z,

Si(x) — /00 e £ (u) du

=
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S(x+1t)

Sl (33)
fl(I + t)

7 S @)

= X, GIMRL, by (3.32).

Jxrass— oo,

Lz, forall t >0,

3. Finally, for all y >z > 0,

(X7 —yl Xy >y) <ir (Xo—2|X2>2x)

t
@M 1 t, by Definition 2.2.4]

falt +
Sl L by @),
&X, GIMRL, by (B32).

The following theorem, as well as the above, characterizes the GIMRL of higher

order equilibrium distributions.

Theorem 3.5.9. X,,, GIMRL is equivalent to any of the following

1. (Xn—l - y|Xn—1 > ?J) Smrl (Xn - x|Xn > ZE),

2. (Xn—Q - y|Xn—2 > y) Svrl (Xn—l - $|Xn—1 > l’),

forally > x > 0.
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Proof. 1. Forally > x > 0,

(anl - y|Xn71 > y) Smrl (Xn - x’Xn > l’)
Sn_ll(y) [ Sn,l(u + y) du

ﬁ(x)/t Sp(u+ ) du

by Definition [2.2.9

fu(u) du
& Lt, by B1),

for1(u) du
t+x

Sa(t+y)
Sn+1(t + ZE’)
fn+1 (t + y) .

& X, is GIMRL, by (3.32).

=

Lt

1 t, by B.1),

2. Again for all y > x > 0, by using the relation ({3.1)),

(Xn—2 - y‘Xn—2 > y) < -1 x|Xn 1> ZL')

vrl
St / / Sno(v+y) dv du
nlw)/ / Sp—1(v+ ) dv du

by Definition [2

/t /u foc1(v+y) dv du

& It

/tmémfn(v+x) dv du

/ Sn—l(u + y) du

t

/ Sp(u+z) du
t

=

Lt

L,
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h fu(u) du
= i+y i/ t,

fn+1 (u) du
t+x

Sn(t +y)
Sn+1(t + I’)
fn-i—l(t + y)
Sen(t o) ¥ "

& X, is GIMRL, by (3.32).

Lt



Chapter 4

Reliability Aspects of Discrete

Equilibrium Distributions

4.1 Introduction

Discrete equilibrium distribution has originated as the asymptotic distribution of the
residual waiting time for the first occurrence of an event in discrete renewal the-
ory (Feller (1957)). The study of discrete equilibrium models was initiated by Gupta
(1979), in which the properties of discrete equilibrium distribution in comparison with
the basic distribution and characterizations of the geometric distribution were stud-
ied. This work was extended by Nair and Hitha (1989) by deriving the relationship
between various reliability concepts in the original and equilibrium models that char-
acterizes certain discrete models. The study was then followed up by Hitha and Nair
(1989), Sen and Khattree (1996). Fagiuoli and Pellerey (1994) defined recursively the
higher order discrete versions of their previous work in the continuous case. A recent
contribution to the theory of discrete equilibrium distribution was made by Willmot
et al. (2005), who derived the relationship between the baseline distribution and its
kth order equilibrium version. They further discussed the equilibrium distributions
of compound distributions, their reliability properties, and application to insurance
claims modeling. A detailed discussion of some new properties of discrete equilibrium

models with an emphasis on their applications to reliability analysis is aimed at in

71
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the present chapter.

4.2 Distribution theory

Let X be a discrete random variable taking values in N = {0,1,2, ...} or its subset,
with probability mass function f(x), survival function S(z) = P(X > x) and finite
mean p. Also the failure rate of X is h(z) as in (2.14), mean residual life function
is m(z) as in (2.16]), variance residual life function V(z) as in and the rth
factorial stop-loss moment «,.(z) as in (2.22). With the above background materials

we define equilibrium distributions and study their role in reliability.

Definition 4.2.1. Let E(X") < oo. Then the equilibrium distribution of order n
of the random wvariable X is defined recursively for n = 1,2,3,... by the probability

mass function

1
fa(z) = T

Sp_1(x), x=0,1,2,..., (4.1)

where

P = ZSn_l(x) < 00,
=0

So(x) = S(x) and py = p. In the sequel, we denote by X,,, the random variable with
distribution (4.1)), so that X = X,.

Much of the discussions on (4.1]) require a comparison of the characteristics of ({4.1))
with those of the baseline distribution of X. Therefore, we first derive a relationship
between S, (x) and S(z).

Theorem 4.2.1. The survival functions of X,, and X are related by

S, (z) = ,u(ln)E (X 2~ )™|X > 2+ 1) S(z +n), (4.2)

where ) = BE(X™) and X = X(X —1)--- (X —n+1).
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Proof. First, we note that with respect to the descending factorials (¢ — z)™,

fj( ) ) = i( ) — 1) — S,
= 3 s Y () Is )
= ugr(u—x)(r)[u—l—l—x— (u—z—7r—1+1)] S(u),
= (r+1) u:i;(u —2)" S (u). (4.3)
Hence from (1) and (3),
uSifa) = i Sta),

and

Ss(z) =Y Silu),

or

2 pnSa(w) = Y (w—z—1)% f(u),

= E(X—2-1)9X >z+2)S(x+2).



4.2. Distribution theory 74

Proceeding similarly, by induction we have for any n
nl iy ey S(z) = E (X —2 = 1)™|X >z +n) S(z +n) (4.4)

Setting x = —1 in (4.4]),
nlppy - ppy = F (X(")|X >n—1)S(n—1),

=S f (),

= U (4.5)

Substituting (4.5)) in (4.4) we have (4.2)). [

Remark 4.2.1. The moments of X,, and X are connected through the relation (4.5)).
Remark 4.2.2. In terms of the stop loss moments defined earlier in ([2.22]),

n 1

Sp(z) = m‘ (4.6)
F(n)

One area in which the last result is useful is in the calculation of the stop loss premium

and other actuarial applications (see Klugman et al. (1998)).

For many discrete laws it is more convenient to work with generating functions
than with probability mass functions. Since factorial moments are predominant in
our derivations, we look at the relationship between the factorial moment generating
functions W, (t) and

W(t) = E((1+t)Y),

of X,, and X respectively.
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We have

and hence from ({4.8)),

[e.e]

= Y (1+1)"f(w),

u=0
[eS)

= > (1+1)"[S(u—1) = S(u)],

u=0

= 1+

ti(l +1)"S(u)

u=0

1 oo
Wy(t) = —Z 1+t)“S(u

t

()

tp

Y

(4.8)

the relation between the factorial moment generating function of X and its equilib-

rium distribution. Using this for X;

By induction,

Wa(t)

Wy(t)

tnﬂﬂl e

and Xo,

Wi(t) — 1

th
W(t) —tu — 1

Y

g

"MT—1_1]7n>17
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B o i <n + r) _1M(n+r)] (4 9)
Z | ’ ’
—0 T r H(n)

obtained on using (4.5 and (4.7). Thus the rth factorial moment of X,, becomes

—1
g = (T} i) (4.10)
(r),n ” [,L(n) . .

When the moment generating function or moments are the starting points in the
analysis, the distribution of X, can be obtained from (4.10)) as

fula) = 31y e
; x!r!

The relationship between a.,(z), the 7! factorial stop loss moment of X,, and a,.(z)

is

n+r
r

Qi (T) = ( )N(n)ar,n(z)-
One can also write the relationship between the basic reliability characteristics of
X, and X,_;. Denoting by h,(x) and m,(x) the failure rate and mean residual life

functions of X,,, we have the identities,

fn(2)
Sp(z—1)

S
= ¢7 by uSing (’

> Sui(u)

1
- by (@19), (4.11)

Mp_1(x)’

mp(x + 1)

Mp—1(x +1) = , by using (2.17)) (4.12)

L my(r+ 1) —my(x)

and

tole+ 1) =1+ e+ 1) |1 ) oy @D and @3, @)

1
hn+1 (ZL‘)

connecting the reliability characteristics of equilibrium distributions of successive or-
ders. Moreover, equations (4.3)) and (4.11)) through (4.13]) are fundamental in studying
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the reliability aspects of X,.

Discrete equilibrium distributions can be generated (interpreted) in different ways.
In the continuous case, it is a weighted distribution of the original random variable
with the reciprocal of the failure rate function as the weight function. The same

interpretation does not hold in the discrete case.

However,
1

e ) .
nu»—E( 1 1>fn_1<>

hn_1(X)

so that X, is the weighted version of X,,_; with the weight function,

1 Sn-1(x —1)
@) e
S —1) = fua(@)
fn—l(x) ’
_ Sp_1(z)
fn—l(x) '

A second interpretation is through the bivariate distribution of a random vector
(Y1,Y5) defined as

p(y2)

P(Yi:thVQZyQ): ,y1:0,17...,y2—1; yzzl"f‘l, (414)

where p(-) is the probability mass function of a random variable X defined on N with
p=EX) < .

The marginal distributions of (4.14]) are

o0

Z p(“’)? y1:07172a"'7

u=y1+1

1
PYi=uy)=—
1
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the equilibrium distribution of X and

y2—1
P(Yz = y2) =

y1=0

Y

p(y2)
i

- %p(yQ)u 922172737‘--7

the length biased version of X. Further, the conditional distribution of Y; given

Y5 = y5 becomes

1
P(le:yllvaZyQ):y_a y12071727"'7y2_17
2
the uniform distribution. These results are discrete analogues of Lemma 2.1 of Brown
(2006), but the representation Y; = YU where U is uniform and independent of Y5

in the continuous case does not appear to be true in the discrete case.

4.3 Characterizations

In this section we consider characterizations of some discrete distributions, by mutual
relationships between characteristics of X and X,,, that are useful in reliability theory.
The distributions in question specified by their probability mass functions are the

geometric,
falz) =q¢°p, =0,1,2,..., (4.15)

where ¢ =1 —p and 0 < p < 1, the Waring,

(b)x

,x=0,1,2,...;a>b, a,b e N, (4.16)
(@)et1

fw(x) = (a =)

where (b), = b(b+ 1)---(b+ x — 1) is the Pochhammer symbol and the negative

hyper-geometric,

fn(z) = %,xzo,m,...,m,k=1,2,..., (4.17)
(_1)9«“(1%*1) (_1)mfz(k+mfxfl)

x m—x

(_1>m(1+k+m—1) ’

m
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(k-i—m—x—l)

m—x
(")

These distributions are characterized in Nair and Hitha (1989) by a failure rate (mean

residual life) function of the form

B 1
A+ Bz

h(x)

or m(z) = a + fx with B = 0 (8 = 0) for the geometric, B > 0 (5 > 0) for the
Waring and B < 0 (5 < 0) for the negative hyper-geometric distributions. The three
distributions will be abbreviated by G(p), W (a,b) and NH (k, m).

Definition 4.3.1. The zero-modified version of the random variable X is defined by

the probability representation,

and

PX=2)=(1-0«a) f(x), x=1,2,....

Note that the zero-modified distribution contains the original distribution when o = 0.

Theorem 4.3.1. If X is G(p) (W(a,b), NH(k,m)), then X, is G(p) (W(a,b+
n), NH(k+n,m —n)). Conversely if X,, has one of these distributions then X,,_
18 distributed as its zero-modified version.

1

Proof. Suppose X is G(p) with survival function Sg(z) = ¢*** and mean

ne = Y S,
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From (4.1]), the survival function of X is

with mean

In other words, X; is G(p).

function

and mean

q
HGga = —-
p

r+1
50,2 =(q

q
HG2 = —.
p

Then by mathematical induction, the distribution of X, is also G(p).

Now suppose X is W (a,b) with survival function

and mean

Z Jw(w),

— . (b
2N

(0)zt1 Z(a _p) (b+z+1),

(@)ot2 = (@+2+ 1)y’
(a+x+1) EZ;Z
pw = > Swiu),

Similarly, the distribution of X, is G(p) with survival



4.8. Characterizations 81

B i b+1 ~(b+u)
N —~a (a+u)’
= m, fOI'CL>b+1.

Again from (4.1)) X; has the survival function

> SW (u)
Swa(x) = Z ,
u=x+1 Hw

B bb+1)---(b+u) (a—b—-1)
- Z(a+u+1)a(a+1)---(a+u+1) T

= Wy @+
a u;l( b=1) (@)utr
— gtz (b+1)z+1
= (a+ +&)—@E;—,

with mean

Hwa = ZSWJ(U)
u=0

x b+1)(b+2)---(b+u+2)
Z ala+1)---(a+u)

)
u=0

b+ 1
= m, fOI'(I>b+2.

This means that the distribution of X; is W(a,b + 1). Similarly, X5 is W(a,b + 1)

with survival function

Swale) = Y0 2wl

u=x+1 Hw1
(b + 2)x+1

= lato+l) (@)oo

In general, the distribution of X,, is W(a,b+ n).
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Finally, suppose the distribution of X is N H (k, m), having survival function

SN(ZL‘)

and mean

Once again from (4.1), X; is

SNJ(:L')

N = ZSN(U)a

NH(k+1,m — 1) with survival function

m SNU
_ 3 S

1 m(k—l—m—u—l)
=l )

G

G
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Similarly, X5 is NH(k + 2, m — 2) with survival function

(i)

(75)

Then by mathematical induction, X, is NH(k +n,m —n).

SN}Q(:U) =

To prove the converse, we note that the survival function of the zero-modified

version is (1 — a) S(z) with mean (1 — a)) p and hence the result follows. |

Theorem 4.3.2. The failure rate functions of X,, and X satisfy
hn(x) = (1 +cn) h(x) (4.18)

for all x and n =0,1,2,... if and only if X is G(p) (W(a,b), NH(k,m)) for c =10
(c<0, ¢c>0).

Proof. Suppose X is G(p) with hazard rate

fa(z)
Sc(x — 1) ’
¢
qﬁ?
= p.

ha(z)

)

Then from Theorem the hazard rate of X,,,

T

=)

hG,n ($) =

q.’L’
= hg

P
(),
satisfies (4.18)) for ¢ = 0. Now if X is W(a, b) with survival function and hazard rate

fw(x)
Sw<£L‘ — 1)’
a—2b
a+z’

hw(z) =
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then again from Theorem [£.3.1] the hazard rate of X,

(b+n). (a)es1
(@)e1 (a+z) (b+n)

hwn(z) = (a—b—mn)

B a—b—n

a+x

- (1 - a’ib) Iy (),

satisfy (4.18]) with ¢ < 0. In the case of NH (k, m) with the hazard rate,

_ In(@)
e e
(O I G
k
T ktm-—2z
the hazard rate of X,,,
(N B )
hy () - i
i) ()
B k+n
 ktm-—a’
k +
= L - hN<x)v

= (1+37) m(@).
verifies (4.18]) with ¢ > 0. This proves the if part.

Conversely assuming (|4.18]) we can write
hi(z) = (14 ¢) h(x),

and hence using (4.13]),

Wz +1) = h(z +1) hl(x1+ 1>_hix)+1 ,
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we arrive at the difference equation

with solution

Since hq(x) is reciprocal linear, X; has the forms stated in the theorem for the desig-
nated values of c. Again using (4.18)) for n = 1, we have the only if part proved. B

Remark 4.3.1. The mean residual life functions of X,, and X satisfy

- m(x)
" 1+ Bn’

My () (4.19)

for allz andn =0,1,2,... if and only if X has G(p) (W(a,b); NH(k,m)) according
as B=0 (B> 0;B <0). This follows from the identity {.11]) and Theorem [4.3.2}

Remark 4.3.2. Hitha and Nair (1989) established that
V() = Cym(x) [m(z) —1]

if and only if X is G(p) (W(a,b); NH(k,m)) when ¢c; =1 (> 1;< 1). Since X,, has
the same distributional form as X by Theorem {.3.1, we can write variance residual
life of X,, as

Volx) = C, my () [my(z) — 1].

Substituting (4.19) we have a characteristic property for the three distributions in
terms of V,(z) as a function of m(z). In particular V,,(z) = V(z) characterizes the

geometric distribution.

Characterization of life distributions by properties of moments of residual life is
discussed by many authors. See Galambos and Kotz (1978) for the early literature
on the subject and Gupta and Kirmani (2004) for recent results. We provide some

similar results in the discrete case, using properties of equilibrium distributions.
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Theorem 4.3.3. Let X be a discrete random variable defined on N such that E(X™)<
00. Then X is geometric if and only if for all x and n =1,2,3,...

E(X—-z- D™IX >z + n) =c, a constant. (4.20)

Proof. Under the hypothesis of X geometric, we write from (4.2)),

E((X—-2-1)"|X >z+n)

qurl — r+n+1
E(X™)
to verify (4.20)).
Conversely under (4.20)), (4.2)) gives
Sp(x) =Cy S(x +n)
or
Sl<l’) = Cl S(SL’ + 1),
showing that
(e +1) )
m(x = — u),
S(l’ + 1) u=x+1
_ M Si(x)
S(x+1)
= (9, a constant.
Hence X has geometric distribution. |

Remark 4.3.3. Similar results exist for the Waring and negative hyper-geometric

laws. These are

E(X-2z-1D)"X>z4n)=-"(at+z—1)"D

and

E((X—x—l)(")|X>x+n) _ G (k+m—z—1)™.
m
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The stop loss moments «,(x) also determine the distribution of X,, uniquely for

n. Because,

anoif&)l) = sjl(f)n’ by €9

or
an(x +1)

hp(x) =1 o (2)

(4.21)

Since expressions for a,(x) are generally not of simple forms, their ratios can be
employed for characterization. The following theorem makes an attempt in this di-

rection.

Theorem 4.3.4.
ay(z+1) (A-1)+ Bz

an(z) A+ Bx

if and only of X, is geometric (Waring, negative hyper-geometric) for B =0 (B >
0, B < 0) distribution.

Proof. By the Theorem 2.1 of Xekalaki (1983),

1

() = 45,

if and only if X, is geometric (Waring, negative hyper-geometric) for B = 0 (B >
0, B < 0) distribution. Then the theorem follows from the identity (4.21)). [

4.4 Mixtures of equilibrium distributions

Let © be a random variable (discrete or continuous) with distribution function G(#).
Let X(0) = {X]0 € ©} be a non-negative discrete random variable with survival

function

S(z]0) = P(X(0) > z),
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probability mass function f(x|0) and finite mean

= S(ulo).

The survival function of the random variable X of X () is given by

S(z) = / " S((0) dG(6)

—00
with finite mean

p=>_5(u)

Let the equilibrium distribution of order n of X (6) be with survival function,

ZSn 1 u|9

Sy (z]0) =

,unl

where -
= Z Sn(ulf),
u=0

the mean of X,,(6), the random variable to the nth order equilibrium distribution of
X(0) and p,(0) < oo. Nanda et al. (1996a) has established that the equilibrium

distribution of order n of X is given by the survival function

S, (z) = /_ M (8) Sa(x]8) dG(6), (4.92)
where

with A_1(f) =1 and N
o = / Mot (0) 1 (0) dG(0),

o0

the mean of the equilibrium distribution of order n of X. Now, using the relation

in we get
E (X(Q)(n+1))

Anll) = =% (X (nt1))

(4.24)
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and hence becomes
o0 f) (™)
Sn(z) = /_m% S, (x]0) dG(8),
~ —x—1)" x+n
_ /OOE((X@) E(l))((n)l)X(eb 1) gle 4 nl6) dC(O). (425)

Proceeding on similar lines we get the pm f of X, (the random variable corresponding

to the nth order equilibrium distribution of X) as

ﬁﬁmx>::t/wxnw>ﬁﬁuxw>w9wx

z —z—1)" Tr+n
. /OOE((X(m E(;lg)<n+|j§(9)> ) 6o 1 nlf) dG(6), (4.26)

where f,(z|0) is the pmf of X, (). Thus all the characteristics of X,, can be obtained

from the base line distributions, by using the identities , (4.25) and (|4.26]).

The Waring and negative hyper-geometric equilibrium distributions enjoy a special

property as mixture distributions as evidenced from the following examples.

Example 4.4.1. Assume X to be negative binomial with probability mass function,

a+z—1\ , .
f(a:lq)z( . )pq, r=0,1,2,..., (4.27)
where q is distributed as beta (1,5 — «) with density function
g@)=B-a)(1—9¢" " 0<qg<l, B>a+1. (4.28)

It may be noted that this distribution can be obtained from (3.11) by setting a =
—(B—a) ™t and b= (B —«a)"t. Then the mixture formed with the pmf,

f@)z‘Af@mg@d%
Ma+a) (B-a) [, .
()T (z + 1) AQ(L”W o,

B T(a + 2)T(B)
= (8- O‘)r<a>r<5 trt1)
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(@)e
(ﬁ)erl ’

which has the Waring law (W (8, «)), defined in ([{£.16]). The nth order equilibrium of
can be obtained from by settinga = —(f —a)™' and b= (8 —a)! and
that distribution is beta (1,8 — a+n). Then the mizture of beta (1,5 — o +n) with
is W(B,a+n), the nth order equilibrium distribution of W (3, «) (see Theorem
13.1).

= (B-a)

Example 4.4.2. Similar is the case when binomial (m,p) is mized with beta(k,1)
giving NH (k,m). The nth order equilibrium distribution of beta(k, 1) mized with the
same binomial results in NH(k+n,m —n), the nth order equilibrium distribution of
NH(k,m).

When the mixing distribution is form-invariant under formation of equilibrium dis-
tributions, the resulting mixture also becomes form-invariant is obvious, but whether
the procedure results in equilibrium distribution of the original model in all cases is

an open question.

4.5 Ageing properties

From a reliability point of view it is of interest to examine how various ageing proper-
ties of X and X, are related and also how many of the properties of X are preserved in
X,,. All the concepts of ageing defined below are taken on the set A = {z| S(z) > 0}.

Theorem 4.5.1. If X,, is IFR (DFR) then X, is IFR (DFR) for every n. But

the converse need not be true.

Proof. Since X, is IFR, for all z,

ho(x +1) > h,(2).
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Now,
Su(x) = > falw),
u=x+1
= ) holu) Su(u—1)
u=x+1
> ha(z+1)) Su(u)

From ({11),

hpi1(z) > hp(z + 1).

Substituting in (4.13)), the last inequality means
hns1(z+1) — hypya(z) >0
or X,,;1 is IFR. The proof for DFR is similar.

To prove the second part take the distribution of X as

~

%, z=0

5 o=
fla)=9% ==2

3 o=

0, otherwise

\

Then the mean residual life function becomes

77 _

R rz=0
mx) =2 z=1

1, =2

Thus m(x) is decreasing for all x and therefore by (4.11) X; is IFR. On the other
hand, h(1) = 14/24 and h(2) = 11/20 shows that X is not IFR. |
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Remark 4.5.1. X, DMRL = X,, IFR = X;, DMRL = ...= X,, DMRL.

Theorem 4.5.2. A necessary and sufficient condition that X,,—y is DMRL (IMRL)
18 that
hn1(z) < (Z)ha(z) forallz, n=1,2,....

Proof.
By 1 (2) < ho(@) & haaz) — ——— <0
n—1\T) = Np T n—1\T) = ———= > U,
& hpo1(z) my_1(z) —1 <0,
n— - in— —1 1
o (Mm@ mmalr DL ) ) <o, by @10,
My—1(T)
& mp_1(z) —my_1(z—1) <0,
< X,-1 is DMRL.
By reversing the inequalities the IMRL condition is obtained. |

Theorem 4.5.3. For every n,

1. X, IFR = X,,, IFR (2)

2. X, IFR (2) = X,.1 IFR < X,,, DMRL.

Proof. From the Definition [2.3.10| we see that

ay(x) —ar(z + 1)

1 T+t 1 T+i+1
- N Sw) - —— S(u),
S(x); () S(x+1) u;l ()
T+t u T+t+1 u
= > J] a=nw)- > I @=n(v), on using @13),
u=x+1 v=x+1 u=z+2 v=x+2
T+t+1 u

= (Mz+2)—hz+1)+ > [h(u)—hz+1)] J] @ -h(@))

u=x+2 v=x+2
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When X is IFR, h(k) — h(z) > 0 for every k > x and hence X is IFR (2). Thus we
have X, IFR = X,,, IFR = X,,, I[FR (2).

To prove (ii),

T+t

X,,IFR(2) = x) ZS ) Lz for all t > 0,

= mn(x)ix at t — oo,

n+1( ) T €,
= X,.; IFR.

4

Remark 4.5.2. Similar implications hold for the dual classes, DFR (2), IFR and
IMRL.

Theorem 4.5.4. If S(x) is strictly decreasing the following equivalence holds for
everyn =2,3,....

X,, IFR (DFR) < X,_1, DMRL (IMRL) < X,_o, DVRL (IVRL).

Proof. The random variable X has decreasing variance residual life - DVRL (in-
creasing variance residual life - IVRL) if V'(x) is decreasing (increasing) for all x. It
is enough to prove the result for n = 2. The first implication is obvious. For the

second, we write the equation ([2.20) as

V(z) = V(z+1) = h(z + 1) m(z + 1) [m(z) — 1] — h(z + 1) V(z + 1)

and use to verify
V)= V(@+1) = m*(z+1)— (m(z) —1)* - h(:v—l—l) V(z+1)+m?(z+1)],

3

(
m(z + ) Cm2(z+1)

_ (w4 1) ha 4 )l x) — V(w—i—l)}

= e 1) b 1) o) -1 - ]

(x+1)
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Also using (4.2)),

V(z) +m’(2)

Thus

[m(z) —

Viz+1)
m(z + 1)

1] m(z +1) h(z + 1) {1 - [m(z) — 1](4.29)

Sl(x — 1)’
[

m(x)
2my(z) hy(z) — 1,

= 2 [my(x) —my(x— 1]+ 1. (4.30)
Changing z to  + 1 in and simplifying,
V(z+1) o m(r+1) = 1] [T+ my(z + 1) — my ()]
mz 1) mix) —1] mz) — 1 ‘ (431)
Hence from (4.30]) and (4.31))
V(z) = V(x+1) = m(x+1)h(z+1)[mx)—1
—(m(z+1)—1) 1+m(r+1)—m(x))],
B m(x+ 1) h(x 4+ 1) ol — 1) — (2
- 1—|—m1(x)—m1(x—1) [ 1( 1) 1( )]7
= m(z+1) h(z+1) [m(x) — my(z)],
= m(x+1) m(z) h(x +1) [my(x —1) —my(x)], (4.32)

on utilizing the identity (4.12)). Thus the sign of V(z) — V(x + 1) is the same as that

of my(x — 1) — mq(x), which proves the Theorem.

Remark 4.5.3. Fquation (4.32)) means that X is DVRL (IVRL) if and only if m(zx) >
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(<)ma ().

Remark 4.5.4. Since DMRL = DVRL,
X, DVRL < X,, DMRL = X,, DVRL = ...= X,, (DVRL).

Remark 4.5.5. The expression V(x)/m(x)(m(x)—1) takes the place of V(z)/m?*(z),
the square of the coefficient of variation of residual life in the continuous case, as
regards many properties. For example exponential distribution is characterized by

V(z)/m?*(x) = 1, where as the corresponding property for the geometric law is

Definition 4.5.1. The distribution of X for which 1 < m(oco) < oo is said to be
UBA (UWA) if and only if

for all x.

Definition 4.5.2. X is said to UBAE (UWAE) if and only if 1 < m(o0) < oo and
m(z) > m(oo) for all x > 0.

Theorem 4.5.5. If X is DMRL (IMRL) then X,, is used better (worse) than aged -
UBA (used worse than aged - UWA) for each n.

Proof. X is UBA when
1—h(z+1)>1—h(c0)
or when X is IFR. Whenever X is DMRL, X, ; is also DMRL which is equivalent

to X,,, IFR and hence UBA. [ |

Theorem 4.5.6. A necessary and sufficient condition for X, to be UBA (UWA) is
that X,,—1 is used better (worse) than aged in expectation - UBAE (UWAE).
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Proof. When X, is UBAE,

Solz+1) .
S, () = 1—hy(z+1),
1
= 1= Mp_1(x+ 1)
B 1 _ my(00) — 1
2 1o = (4.33)

that X, is UBA.

Conversely when X is UBA, (4.33]) holds and therefore,
1L —hp(z+1)>1—h,(c0)

or

My—1 (2 + 1) > my_1(00).

This proves the result. By reversing the inequality we get X,,, UWA < X,,_;, UWAE.
[

Remark 4.5.6. When X is UBA

m(x) = —ZS(SB—I—U),

Hence UBA = UBAF and X,,, UBA = X,,, UBAE = X,y UBA for alln.

Remark 4.5.7. X,,, IFR = X,_;, DMRL = X,_,, UBA = X,_,, UBA.

Theorem 4.5.7.

X, NBUE (NWUE) & Si(z —1) < (>)S(x).
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Proof. X is said to be NBUE if

S(x) ) S(u) =) " S(u)

or m(z) < p for all z > 0. Hence, we can write

Sl<$—1) = M’
1
& Si(z—1) < S(x),

= m(z) < p,
= X,NBUE.

The second implication is obvious. [ |

Theorem 4.5.8.

X,, NBU (NWU) = X,_1, NBUC (NWUC).

Proof. X is said to be NBU (NWU) if for z,y > 0,
S(x+y) < (2)5(x) S(y)
and X is new better (worse) than used in convex ordering - NBUC (NWUC) if
S(x) Si(ly—1) > (L)S1(x+y—1), z,y > 0. (4.34)

We prove the result for NBU as the case for NWU follows similarly by reversing the

inequalities.

Xy, NBU = S,(z+y) < Su(z) Sp(y) < Sp—i(z+1) Su(y),
= X,_1, NBUC.
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Remark 4.5.8. Setting y = 0 in (4.34), S(z) > Si(x — 1) so that X is NBUE by
Theorem [.5.6) Thus NBUC = NBUE. This means that by Theorem [4.5.7],

X,, NBU = X,,_., NBUE.

Remark 4.5.9. If X is NBUE, m(x) < u. Hence

—1
1—h(z) <22
W

giving

Further,

o=

Thus whenever X is NBUE,
V(x)

p(p—1)

a necessary condition that is useful in data analysis. This is the equivalent of the

<1,

result in the continuous case that the coefficient of variation of NBUE distributions

(as well as its subclasses) is less than unity.

Theorem 4.5.9. (i) X,_1, NBUE (NWUE) = X,., NBUFR (NWUFR)
(ii) Xo_1, NBUC (NWUC) = X,,, NBUFR (NWUFR)

Proof. From Definition [2.3.13]

Xn—l; NBUE = mn—l(x) S Hn—1,

= Mmy_1(x) <m,_1(0) < my,_1(0),
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= hy(z) > hy,(0),
proving (i). In order to establish (ii) we see that from Remark [4.5.8]

X,_1, NBUC = X,,_;, NBUE = X,,, NBUFR.

Remark 4.5.10. X is new better (worse) than used in failure rate average if
1
h(0) < ;[h(0)+...+h(x—1)].

It now follows that NBUFR = NBUFRA so that the implication in Theorem [4.5.9
extends to NBUFRA class as well.

From our discussion of discrete equilibrium distributions, it is evident that all
properties in the continuous counterpart are not shared in the discrete case. Further,
the discrete models that satisfy characteristic properties analogous to those in the

continuous case are identified.



Chapter 5

Stochastic Orders for Discrete

Equilibrium Distributions

5.1 Introduction

This chapter is a continuation of the previous one. In comparison with the work in
continuous case a major topic that does not appear to have been covered for discrete
equilibrium distributions is stochastic ordering. Although discrete analogous of some
stochastic orders in the continuous case have been presented in Shaked and Shan-
thikumar (2007), new definitions and results are required to complete the discussions
relating to discrete equilibrium distributions. Also there is a need for redefining var-
ious discrete ageing concepts in terms of stochastic orders. Apart from providing
alternative definitions of ageing concepts, they also give better insight into the ageing
concepts and provide tools for establishing the behavior of various discrete reliability
measures. The objective of present chapter is therefore to define various stochas-
tic orders, re-interpret the discrete ageing concepts in terms of ordering and provide

results that compares the properties of discrete equilibrium models.

100
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5.2 Comparison of baseline and equilibrium distri-

butions

In this section we derive several conditions in terms of stochastic orders connecting
X and X, that define various ageing properties. For some of the ageing properties,
continuous analogues have yet to be proved. First we look at conditions for increasing
failure rate (IFR). Recall that X is IFR if and only if h(z + 1) > h(z) for all . From
equation (4.11)), hi(z) = [m(x)]~". Hence X, IFR is equivalent to X, DMRL. The
following lemma as well as the Theorem makes a discussion on an alternative
definition of DMRL class.

Lemma 5.2.1. For allz, y € N

u=r+y
Proof. For all z,y € N,
1 oo
5,2 S
1 oo
& > S(u) > Z S(u
S(.Z') u=z+y u=x+1+y

(X —2|X >2) >0 (X —2—1|X >z + 1), by Theorem
em(z) > m(x+1)
<X, DMRL.

Theorem 5.2.1. X; is IFR (X, DMRL) if and only if any one of the following holds
for ally > x, and v,y € N.

1. X Zh’r Xl;

2. (X —2|X > ) >4 (X1 —y[ X1 >y),
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3.

4.

5.

10.
11.

12.

(Xy — 2| Xy > ) > (X1 —y| X1 > ),
X1 2 (X1 — 2| Xy > 1),

(X —z|X >2) >4 (Xq —y| X1 >vy),
(X1 —z| X1 > z) >4 (X1 —y| X1 > ),
(X = z[X > 2) Zpmn (X = y[X > ),
(X = 2]X > 2) 20 (X —y|X >9),
X Zijer (X — 2] X > ),

(X —2|X > ) >pr (X1 —y| Xy >9),
(X —2|X > 2) >0 (X —y|X >y),

X > (X — 2| X > x).

Proof. 1. The given condition is equivalent to

h(z) < ha(w) = [m(z)] "

or h(z)m(z) < 1. Then (2.17) leads to m(x) < m(z — 1) or hy(x) > hy(z — 1)

for all x and hence X; is IFR. The converse is obvious.

. We note that

(X —2|X > 2) 25 (X1 —y|Xa >y) & h(t+2) m(t+y) <1,
which is equivalent to

m(t+x)—m(t+x—1)+1]

The above inequality is true only when at least one of the terms on the product
on the left < 1. But when one term is less than one, the other also satisfies the
same condition. Then X is DMRL and hence X; is IFR.
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3. (Xq—z| Xy >2) > (X1 —y| Xy >y) © hi(t+x) < hi(t+y), for all t. Hence
X, is IFR.

4. By proceeding along the similar lines as in 3., we have the result.

5. For all y > z,

(X —2|X >2) >4 (X1 —y|X; > y)
S(t+z) _ Sit+y)

S(x) — Si(y)
- 1 >
- > i 4.1
& 50) _Z S(u) > St ) _Z S(u), by using (1)),
u=y+1 u=t+y+1
& X is DMRL,
< X is IFR.

6. For all y > z,

(Xl — $|X1 > ZE) > (Xl — lel > y)

Siz) T Sily)
o I 0 —m@)= T] (- hw).
u=x+1 u=y+1

for all £ > 1, by using ,
sl-—h(z+1)>1—-h(y+1),
& h(z) < hu(y),

< X is IFR.

7. For all y > x,

(X = 2| X > 2) Zpmn (X —y[X > )

ZS(qum) ZS(quy)

> , by Definition [2.3.5}
S@m@) = s my) Y B35

=
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o0 oo

> S Y S

& u::oﬂ > u:;fy , by using ,
> Sw Y S
U=x u=y

> S Y S
o vt > usttots R
> S ) S
u=z u=a+z
> S > S(u)
o =t > == 7
Z S(u+ z) ZS(u+z)
u=t+z u=zx
> S
& =1 inuz,
Z S(u+ z)
< m(xz) > m(y), by Definition
& X is DMRL,
< X is IFR.

8. Forall y > x,

(X —2|X > 2) > (X —y|X >9)

Z S(u+ x) Z S(u+y)

u=t+1 u=t+1 o

& > , by Definition [2.3.6],
S(x) S(y)
1 1

S > Sz~ > Sw,

S(.I') u=t+z+1 S<y) u=t+y+1
< X is DMRL, by Lemma [5.2.1
< X is [FR..

9. By setting x = —1 in 8., we have the result.



5.2. Comparison of baseline and equilibrium distributions 105

10. Forally >z, z, y € N,

Xl; IFR <:>(X —.flle > ZZ') Zst (X1 — y‘Xl > y)
<:>S(u+x) > S1(u+y)

, u € N, by Definition 2.3.1],

S(x) Si(y)
W Sutr) o L Si(uty)
:>;s Sty > ugs ATRE for all s € (0,1),

0
=(X — 2| X > 2) >0 (X7 —y|Xy > v).

\Y%

Conversely for all y > z,
(X = 2|X > @) 2p55 (X1 = y[X1 > y)

Z s“7PES) (u)

u=x+t

Z 7S (u)

o0

Si(x +1t) + Z s"7"7ES) (u)

u=z+t+1
o0 \L x?

S(z) + Z s"77S (u)

u=xz+1

\va t:y_xa

=

:>S1(1’ +t)

S(x)

[e o]

;3% > S(u) L a, by @),

u=x+t+1
=X, DMRL, by Lemma [5.2.1

= X,, IFR.

dx, as s — 0,

Since 11. and 12. are the same as the condition for DMRL, the proof is trivial.
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Theorem 5.2.2. The random variable X s IFR if and only if

1. X > Xy,

2. X >, (Xh — 2| X, > ),

3. (X —z|X >2z) > (X1 —y| Xy > ),
4. Xh > (Xh —2]Xq > ),

5. (X —2|X > ) 2400 (X —y|X > y),

for all z,y e N, and = < y.

Proof. 1.
X>”&¢ﬂ§g¢x@M@TW@XBWR
2.
S(t+x) 1
Xz mafi=n) @ g se-n-sm "
S(t+x) Lt
St—1) -85 *"
1 t+x
< W E(l —h(z)) L t,
& h(t) 1,
& X isIFR.
3.

filt+y) S(x)
Si(y) f(t+x)

filt+v)
S Fura vh
S(t+y)
S Fura vt

(X —z|X >2) >, (X1 —ylXi>y) < 1,
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which is equivalent to

{h(ti—x) N 1} ﬁ L —n()] 4t

z=t+x

on using ([2.15)). At least one of the terms is decreasing in ¢, which means that

all terms are decreasing in t and h(z) is increasing or X is IFR.

fl(t+93)
X1 >, (Xl —(L’|X1 > ZE) = m \Lt,
S(x+1)
S(t) 5i()
S(x +1t)
sw
& X is IFR.

Lt

s

5. Forally >z, z, y € N,

S(z+1)

X, IFR & Lz €N, by Definition 2.3.9

S(u+1y) we N

0
=(X —z|X > 2) >0 (X —y|X >y), y >z, by Definition
Conversely for all y > =,

(X —2|X > ) Zpof (X —ylX >v)

Z Sufx7t8<u)

u=z+t

& dx, t =y —x, by Theorem [5.3.15]

o0

Z 7S (u)

uU=x




5.2. Comparison of baseline and equilibrium distributions 108

o0

S(x+1t)+ Z s"7"ES (u)
N u=;+t+1 Iz
Sx)+ Y 7S (u)
u=x+1
% lx, as s —0,

=X, IFR, by Definition 2.3.9]

We now prove some results that concerns the nature of mean residual life function.

Theorem 5.2.3. The random variable X, is DMRL (X is DVRL) if and only if

1. X Zmrl Xl
2. X > (X1 — .Z'|X1 > 513')
3. (X - CL’|X > [E) Zmrl (Xl _lel > y)» Yy Z x,

4. (X — 21X > ) Zpmn (X1 —y| X1 >y), y >,
Proof. The proof of all the above cases depends on the following result

h(z+t) m(x+2) <1< X is DMRL for z > t. (5.1)

The left side can be seen to be equivalent to
e+ 1) - me+t—1)+1) "EHD)
m(x —m(x — — ,
m(x+t) —
which holds if and only if X is DMRL. Now,

X > X1 & m(z) > my(o)
& hi(z) mi(z) <1

& X is DMRL by (5.1).
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By the same argument in 2. and 3., we have the inequalities hy(t) mi(t+2x) < 1 and
hy(t+x) mi(t+vy) < 1, each of which implies that X is DMRL. Finally, the proof of

4 is as follows. For all y > z,
(X - ZL’|X > I) thrl (Xl - y|X1 > y)

ZS(u+x) ZSl(quy)
5@ m@) ° 5i() m()

o0 [e.9]

S S D Siw)

& u:;ﬂ > u:ot:y , by using ,
> S ) Si(u)
Uu=x u=y

, by Definition [2.3.5

=

Yo S Y Siw)
u=t+x > u=t+zr+z r=y—x
> S(u) > Si(u)
u=x u=xr+z
> S(u) > S(u)
PN O?é:t-f—:v 2 Oou:m ’
Z S1(u+ 2) ZSl(u—l—z)
u=t+x u=x
> S
& =1 inuzx,
Z Si(u+ 2)
< m(xz) > my(y), by Definition [2.3.4]
< X5 is DMRL.

Two other basic ageing concepts are NBU and NBUE. We say that X is NBU iff
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for all x, ¢t

S(t+x) < S(t) S(x)

and X is NBUE if and only if m(z) < u. We have the following implications con-

necting these concepts.
Theorem 5.2.4. 1. X is NBU & X >4 (X —z|X > x).
2. X 1s NBUE = X; <4 X, but the converse is not true.

3. X is NBUE & X, <4 Xg, where Xq is geometric with parameter u='.

Proof. 1. follows from the definition of NBU. To prove 2.,

m@) < p o % S s <3S

o S@) > — iS(t)

> St =

t=0

Si(x—=1) < S(x) <S(z—1) for all x

= Xl Sst X.

4

In order to establish the second part choose

%, =0
Sx)=¢ 3, z=1
0, z>1.

Clearly X; <, X. But m(0) = 1.5 > u = 1, showing that X is not NBUE. Finally,

to prove 3.,
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& Xy <4 Xg. (52)

Note that ¢ > 1 as in the discrete case the failure rate is less than 1. Inequality
(5.2) defines the basic ageing concept NBUE in terms of stochastic order.

We now look at some other ageing criteria which are less frequently used than
those discussed above. We say that X is NBUC or NBRU (new better than used in
convex order or new better than renewal used) if and only if S(z) > Si(x +1vy)/S1(x)
for all x, y. This means that a new unit has better reliability than the residual life
(X7 — 2| Xy > z) (See Cao and Wang (1991) for the definition in the continuous
case.). Obviously X is NBUC or NBRU & X >, (X; — z|X; > z). Another

equivalent criterion is given in the following theorem.

Theorem 5.2.5. X >, (X —z|X > z) < X is NBUC or NBRU.

Proof.

X 2w (X —z|X >2) & f: S(z) > i S(z + )

z=t+1 z=t+1

< S(x) Si(t) > Si(z + 1),
< X is NBUC or NBRU.

A relationship involving the means of X and the residual life of X; is new better
than renewal used in expectation (NBRUE), introduced in the continuous case by
Abouammoh and Qamber (2003). X is said to be NBRUE iff

B(X) > B(X) — 2|X, > 2).
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Adopting the same definition in the discrete case also we have the following results

connecting NBRUE with some other stochastic orders.

Theorem 5.2.6. 1. X is NBRUE = X >, Xi and the converse need not be

true,
2. X >, (X5 —2|X; >2) = X is NBRUE.
Proof. 1.

X is NBRUE = u>m(x)

= /LSl ZSl

= i S(t) > ZSl(t)

= X Zicac Xl-

For the converse part consider the survival function

%, xz =0,

2

4 :17
Sy =4 v

4 1'227

0, =>2.

It is clear that X >;., X;. However, m;(0) = 3/4 > pu = 1, showing that X is
not NBRUE.

stsl t+x)

(t+x), ass — 1
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= p = m(z)
= X is NBRUE.

5.3 Comparison of equilibrium distributions

In this section we compare the equilibrium distributions of two random variables
X and Y in terms of various stochastic orders that have implications in reliability
applications. Note that all the reliability characteristics of the random variable Y are
as defined in the Section 2.3.1]

Theorem 5.3.1.
X Zhr Y = Xl er le

Proof.
X>,Y < ;EZ;meGN
& hi(z) T inx
g1(z)
= Xl >lr 3/1

Remark 5.3.1. Generally, X >, Y = X >,,Y = X >, Y. Thus from Theorem

3.1

XZth:>X12zq~Yl:>X12th1,

preserving the hazard rate order in the formation of equilibrium distributions. It is
not true that X1 >, Y1 = X >3, Y, but from Theorem 1.C.4 of Shaked and



5.8. Comparison of equilibrium distributions 114

Shanthikumar (2007) we get

h
Xy > Y] and 1(z) Tinxr = X>,Y
ki ()

= XZth'

Since hy(x) = (m(x))™ and ki(z) = (r(x))~!, the above result can be re-stated as

r(z)
m(z)

Remark 5.3.2. From Theorem [5.3.1] we get

X1 2p Y1 and

T inxr=X >, Y

XEITY:XZth:Xlzervla

preserving the likelihood order in the formation of equilibrium distributions. It is not
true that X1 >, Y1 = X >, Y, by the Remark 1.C.2 of Shaked and Shanthikumar
(2007). Also by the Remark we get the following result;

hl (.’L’)

X >, Y d
1 Z1r X1 an kl(m)

T an:>XerY7

or

X1 >, Y1 and r(z) T iner=X>,Y.
m(z)

The results in the following theorem are straight-forward from the definitions.
Theorem 5.3.2. 1. X >,V & (X; —z|X; > z) >, (Y1 —z|Y1 > ).
2. Xi>2pVie (X —z|X >x) > (Y —z)Y > ).

Remark 5.3.3. From Theorems 5.3.1] and £.3.2 we have
X>nYe (X —zX>z) > (Y —zY >2)

and
X>pYe (X -z X >2) >, (Y —zY >uz).
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Theorem 5.3.3. Let X and Y be independent, DMRL random variables, then
min(Xthl) Slr Z?

where Z is the random variable representing the equilibrium distribution of min(X,Y").

Proof. The random variable W = min(X;,Y]) has survival function Si(z)T}(x)

and the pmf.,
fw(l') = Sl(l' — 1) Tl(.ilﬁ — 1) — Sl(l‘) Tl(a:)

Also the pmf. of Z is

Hence the ratio

ZoN S@) T o
_ E(Z) [S@)m(@)T(z)r(z) S+m+1)T(@+r(z+1)
S(z)T(z) 1 A L A
= % m(z) r(z) — (1 —=h(x+1)) m(z+1) (1 —k(x+1)) r(z+1)],
obtained on using
= 2 (o) o) — (1= m(o) (1= 7))

Since X and Y are DMRL, the expression in the square braces decreases with respect

to . Hence W <, Z.

The following theorem discusses a refinement on the definition of mean residual

life order.

Theorem 5.3.4.
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for ally > .

Proof. By the Definition [2.3.4]
i T'(u)
> s
i T(u) i T(u)
u=y o
S s Y s)
vy S

& ZT(U) ZS(u) < ZT(U) ZS(U), forally >z. (5.3)

X<mY < T inx

T
Vv

, forall y > x

Also,
- 1 =
X< Y & %;S(U) < m;T(“)
D> S S D T(w)) Su)
N u=x Oou:y S u=x Oou:y
S(@) ) S(u) T(z))  S(u)
> OS> Su) D> T(u)) | S(u)
<:> u=x Oou—y S u=y Oou:.z‘ : by us1ng
S(@) ) S(u) T(z))  S(u)
o 5(155) S S(u) < ﬁ S T(w)
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The following theorem immediately follows from the relation,

Theorem 5.3.5.
X gmrl Y & Xl Shr le

Theorem 5.3.6.
X Smrl Y = Xl Shr le = Xl Smrl Yrb

preserving the mean residual order in the formation of equilibrium distributions; but

the converse need not be true.

Proof. First, we note that

X <Y = h(x)>k(z), forallz e N
= 1—-h(x)<1-—k(z)

= J[a-hw)< J] 0 -k@w), y>=

[Ta-nw) JIQ-kw)
- U;O S U;O
[T =n@) JIQ-kw)

= m(z) < r(z), by taking the limit as y — oo

Hence from Theorem the conclusion follows. For the converse part, let the
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survival functions of X and Y be respectively
2 r=0,1,2,3
, x <0

S(x)=<¢ 1
0, x> 3

and .
(D, z=0,1,2,...

T(x):{ 1,  <0.

Clearly mq(z) < ri(z) and therefore X; <, Yi; but m(0) = 5/2 > r(0) = 2,
showing that X <,,,; Y does not hold.

Then we have the following result.

Theorem 5.3.7. If Tll((;”)) s increasing in x, then

X Smrl Y & Xl Smrl Yl-

Proof. From|[2.17/and hy(z) = —

1 my(x) —my(z—1)+1
m(x) my(x)
B 1 m(x-1)
EEIC e
Also,
m () my(x) _ ma(z—1)
r1(z) Tz < r1(z) ri(z —1)
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Thus if ™@ 14 in 2,

r1(x)

X< YV o 14 1 _ml(x—1)21+ 1 _rl(x—l)
my(z) my(x) r1(z) r1(z)
= Xl >mrl }/1

We now discuss the relationships of harmonic mean residual life order with other

partial orders.

Theorem 5.3.8. If X and Y have finite means, then

Xl Sst Yi = X Shmrl Y.

Proof.

Xi<a Y1 & 51( )<T1()

Z Su % S T(w)
u=z+1 u=x+1
& X Shmrl Y.

Theorem 5.3.9.
X Smrl Y = X Shmrl Y.

Proof.

X <mnY = m(z) <r(z), foral x
1

m(x) = ()

- 1) <1+ 5)

= 1-
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x x

=TI ) < TL0 - k)
& S <T@
= Xi<a ¥

= X Shmrl Y.

Remark 5.3.4.
X <mrl Y = Xl <st YI

Remark 5.3.5.
X Shmrl Xl d Xl Sst XQ-

The following results discuss the relationships of increasing convex order with

other partial orders.

Theorem 5.3.10.

X< Y e (X —z|X > 1) <jep (Y —2|Y > 2).

Proof.

(X —2|X > 1) <jee (Y —2|Y >2)

- 1 <
() U;H (u+z) < (@) UZZHI (u+ )
R 1 <
- S(u) < T
5@, 2, S0 ST 2 T
& X Smrl Y.

Remark 5.3.6. In the above theorem, when x = —1,

X Smrl Y=X Sz’cm Y.
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Theorem 5.3.11. If X and Y have finite means,

X Shmrl Y =X Sicx Y.

Proof. From the definition,

1 © 1
K u=x+1 u=x+1
Also
X Shmrl Y = 1% < A
and hence X <,., Y. [ |

Theorem 5.3.12.
ngtYZ>X§ich

Proof.

X<a4Y = Sx)<T(z)

= Y Sw< Y T(u
u=x+1 u=x+1

Theorem 5.3.13. If u = A, then

X Sicm Y = Xl Sicw Yi
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Proof.
X<iY = ) Su< ) T
u=x+1 u=x+1

= uSi(x) < NTi(x)
= Si(z) <Ti(z)

o0 o0

= Y Siw)< D> Ti(u)

= Xl Sica} }/1

Remark 5.3.7. If u = X, then

X <iew Y = Si(x) <Ti(z) = X; <a V1.

The following results discuss some properties of the probability generating order

and its relationship with other partial orders.

Theorem 5.3.14. If u = X, then

X Spgf Y X, Spgf 1.

Proof.
XSV o St = S st
u=0 u=0
& i s*S(u) < i s“T(u)
u=0 u=0
& f:s“fl(u) < is“gl(u), since p = A
u=0 u=0
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We now prove the following result, which gives an alternative definition for the

probability generating function order.

Theorem 5.3.15. For allz, y e N and 0 < s < 1,

Z s"7YS(u)

(X—a:—y\X>x—|—y)Spgf(Y—x|Y>m)(:>u:z+y lzenN.

Z s (u)

Proof.
Z sTFYS (u)
S lzeN
Z s (u)
Z VS (u) Z sUTVLS (u)
u=x+y . u=z+y+1 >0
Zs“’xT(u) Z s (u)
uU=x u=x+1
& [ Z s“S(u)] [Z s“T(u)| > Zs“T(u) Z s“S(u)]
u=xr+y u=x+1 U= u=z+y+1
&s"VS(x + y) Z s'T(u) > s°T'(x) Z s"S(u)
u=x u=x+y
1 - U—x— 1 - u—x
TS +y) u;ys "5 < 7 ;S e

SX —v—ylX >zx+y) <oy (Y —2|Y > z), by Definition 2.3.7

Then we have the following results.
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Theorem 5.3.16. For allz € N,

X< Yo (X —zX>2) <o YV —z|Y >2).

Proof
S(x) L
X <, Y{:)T(a:) Lz € N, by Definition 2.3.2]
S(u+x)  S(x)
<
Tt o) = T@) for all z,u € N
S(u+z)  T(u+ )
<
SO S T for all z,u € N

1 1
s'S(u+x) < s"T(u+ x), for some 0 < s <1
511 25 T &

=
=>(X —z|X > z) <5 (Y —2|Y > z), by Definition 2.3.7
Conversely,
(X —z|X > ) <pr (Y —2|Y > 1)

Z 7S (u)
s~ ——— | r €N, by Theorem [5.3.15

o0

Z s (u)

Uu=x

S(x)+ Y s7"S(u)
& LSAR lzeN
T(x)+ > s""T(u)
u=x+1
S(x)
T(x)
=X < Y by Definition [2.3.2

lzeN,ass—0




Chapter 6

Multivariate Equilibrium

Distributions of Order n

6.1 Introduction

In view of the importance of equilibrium distribution in various fields of applications
and theoretical work, there have been some attempts to generalize it to higher di-
mensions. We present a brief review of some of the important developments in this

context.

Gupta and Sankaran (1998) considered a bivariate extension of the equilibrium
distribution by requiring that the marginal and conditional distributions are of the
equilibrium form. Given a noon-negative random vector (Xi, X) with survival func-
tion

S(x1,x9) = P(X1 > 21, Xo > 19)

they defined a vector (Y7, Y;) with conditional distributions satisfying the properties

S(y1,y2)
Tl (07 yQ) S(Ov y2)

gi(y]Ye > o) =

125
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and

S(yh 92)
TQ(yl’ 0) S<y1a 0)7

92(y2|Y1 > 1) =

where
ri(T1, ) = E(X; — x| X1 > 21, X > 29), i = 1,2 (6.1)

are the components of the bivariate mean residual life (ry(z1,22),72(21, 22)). They

characterized the Gumbel’s bivariate exponential distribution
Sp(r1,12) = exp[—0121 — 019 — 0x129],

where z1, 29 > 0, 01,05 > 0, 0 < 0§ < 0,0, the bivariate Pareto distribution (Sankaran
and Nair (1993))

Sp(ﬂﬁl, .1'2) = (1 + a1 + axxa + bl’lxg)ia,
where x1, 29 > 0, aj,a3 >0, 0 <b < (a+ 1)ajas and the bivariate beta

Sp(r1,22) = (1 = prwy — pawa + qx1$2)d7

where 0 < 71 < L, 0 <@g < =22 ] _d < L <1, py,pa,d >0, by certain rela-
p1 p2—q1 pip2
tionships between hazard rates and mean residual function of (X, Xs) and (Y1, Ys).

Gupta and Sankaran (1998) did not consider

e the form of the joint distribution of (Y7, Y2) arising from the conditional densities

g1 and g,

e and the condition under which g; and gy generate a bivariate distribution.

Of the two, the second problem was resolved by Navarro and Sarabia (2010). Navarro
and Sarabia (2010) proposed

S<I17 x2>

fE(iUl,l’z) = E(X1 Xz)

as the joint density function of the equilibrium random vector (Y3,Y2). A new ver-

sion of the bivariate equilibrium distribution based on conditional distributions were
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presented in Navarro and Sarabia (2010). It is defined as the joint distribution of
(Y1,Y5) determined by

Py > y1|Ys = y2)
E(Y1’Y2:y2)

ar(y|Ye = 1) =

and
P(Ys > yo|Y1 = 1)

E(Y2|Y1 :yl)

ax(12|Y1 = 1) =

They also derived reliability properties of the new version. In the present chapter,
we discuss two different approaches to define MVED of order n and to derive the
properties of the models obtained therefrom. A missing aspect in the earlier papers
in Multivariate equilibrium distributions (MVED) is the expression for the joint dis-
tribution of order n which is essential in comparing the nth order distribution with

the original model and this is rectified in our work.

6.2 Equilibrium distribution based on joint sur-

vival functions

Let X = (X3, X, ..., X,) be a random vector defined on the non-negative orthant

3?; of the p-dimensional Euclidean space, with absolutely continuous survival function

S(x) = P(X > ) and density function f(x) where x = (21, 22, ..., x,) and the

ordering in X > x is component-wise, X; > z1, ..., X, > x,. Then the reliability

concepts relating to X of interest in the sequel are the scalar failure rate (Basu (1971))
f(z)

k(x) = %, (6.2)

the vector valued failure rate of Johnson and Kotz (1975)

h(xz) = —VlogS(x),
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where V = ( By 8962 cy ai> is the p-dimensional gradient operator, so that if

hi(x) is the i'" component of h(x)

dlog S(x)

hil@) = ——— =2 i=1.2,..p. (6.3)

Further, the mean residual life function of X is (Zahedi (1985))
m(z) =F[X —z|X > z]
with i component

1 [e.9]
- %/x S(x ), t:) dt;, (6.4)

where (x(;),t;) stands for the vector « in which the it" element x; is replaced by ;.

Differentiating ([6.4)) partially with respect to x;,

i = s | T [ Swo ),

= —1+4 hi(x) mi(x),

we get the relationship between and . as

hi(z) = mil(m) (1 + a’g;(im)) Li=1,2,....p. (6.5)

We also need the concept of product moment of residual life defined as (Nair et al.
(2004))

p

[T — )

=1

Pg(w) = kK

X>m],

1
- = /@ _swa (6.6)

where the single integral symbol over (z, oco) in means the p-tuple integral in

which the i integral has the range (z;, 00) and t = (1, s, ...,t,). We now introduce
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a definition of MVED of order n which corresponds to the recursive application of

the MVED (of order one) defined in Navarro et al. (2006).

Definition 6.2.1. The multivariate equilibrium distribution of order n based on S(x)

is defined recursively through the relations

Sp(z) = 2= S n=12... (6.7)

Some interpretations offered to the univariate equilibrium distributions can be ex-
tended to the MVED’s as well. Firstly, S, (x) is the weighted distribution of S,,_1 ()
with weight function as the reciprocal of the multivariate failure rate (This prop-
erty was noted by Navarro et al. (2006) for S;). To see this, we note that the
weighted density function corresponding to f,_1(x), the density of S, _i(x), with

weight [k,_1(x)]~!, becomes

[Fna ()] foor ()

i (5 )
= T Sn1 (@) x) dx B
- s [ G e ]

— S (@) [ /(07 _Seae) da:} -

The last expression is the density function corresponding to S,(x). Secondly, in the
univariate case, if X is a non-negative random variable with density function f(x),
then the distribution of W2 is the equilibrium distribution, where W is the length

biased random variable of X specified by the density function

o f(@)
E(X)

fw(z)

and Z is uniform over (0, 1) independently of W.
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We give an interpretation of S,(x) in terms of uniform random variables and

size-biased distributions in the next theorem.

Theorem 6.2.1. The MVED of order n corresponding to X 1is the joint distribution
of Y = (Y1,Ys,...,Y,) where Y; = W, Z;,, W = (W, W, ..., W,) has multivariate

size-biased distribution of order n with density function

fx(x) being the density function of X and Z; are independent random variables
each being the minimum of n independent and identically distributed uniform random

variables over (0,1). Further, W;’s and Z;’s are independent.

Proof. The density function of Z; is
sz(ul) =n (1 - ui)nil, 0< U; < 1.

Using the independence of W and Z = (Z;, Zs, ..., Z,), the joint density of (W, Z)

becomes

fow () = R fx(x) 7 ﬁ(l — )"
2\ E(X{LX;X;;) P !
The Jacobian of the transformation Y = (W12, WaZs, ..., W,Z,) is
). @). )0
O ) | | NOZi ) pp| iy Zi

and the joint distribution of Y and Z has density

npr<Z_1a"'7Z_p> p y n 1 1
fov (o) = o N {(—) (1 — )~ u}
(Y.z) E(XPXp--- X1 T\

i=

The last expression gives the marginal density of Y as

fY(y) - f(Y,Z) (y7u> du’7
(0,1)
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( 1)p/ n? fx() . —Yi JJ?H (1 yz'>n_1 d
= (- T — - = x,
(y,00) E(XTXS - ‘X;:) * - 3y Z;

T E(XpXp--Xn) /(ym) [H(ti—yz’)"‘ll fx(t) dt

=1

and also its survival function as

Sy(y) = /( RECRE

nP 1 / P
- nyn - (t; —y)"| fx(t) dt, by Remark[6.2.4]
EOGRG X5 Jiyeo [H 21

=1

p
B H(Xz —y)" X > y]
= Sx(y)—F e :
E(X7X3 - X7)
which coincides survival function of X,, obtained in Theorem [6.2.4 [ |
Let X,, = (Xn1,Xn2,...,Xnp) be the random vector having survival function

Sp(x) with

Hnp = E(Xn,an,Q e me),

= / Sn(t) dt < oco.
(0, o0)

Then we have the following theorems as a consequence of equations (13) and (14) in
Navarro et al. (2006).

Theorem 6.2.2. .

P, 1(x)’

where k,(x) is the scalar failure rate of X,, and

k() = n=12,... (6.8)
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Proof. From (6.7), the density function of X, is

and hence by ([6.2)), the scalar failure rate of X, is

)
- Sea® 6,
/ S, \(t) dt
(x,00)
B 1
- Pn_l(a:)'

Theorem 6.2.3. The vector-valued failure rate h,(x) of X, is related to P,(x) by

h,(x)=h,_1(x) —Viog P,_1(x), n=1,2,.... (6.9)

Proof. By the definition in (6.3)), the ith component of h,(x) is

05, (x
hm(e’lf) = T()’
-1 0

- g Sia@ P @),
. —8Sn_1(a:) _ 8Pn_1(a:)
B aLEZ 0@ ’
o af)n—1<33) .
= hn_1ﬂ<$) 8—%’ 1 = ]_, 2, .o, P. (610)

Applying (6.10]) into vector form, follows. [ |

Remark 6.2.1. We get a specific relation between vector and scalar failure rates by

using m as

h,(x) = h,_1(x) + Vlog k,(x)
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Remark 6.2.2. The main objective of studying equilibrium distributions is to compare
its properties with those of the baseline distribution S(x). Equations and

can be used for this purpose in the context of reliability analysis. Further from

Sn—1(x) Py—1(x)

,un—l,p

Sn(m) =

we get the following relationship between S, (x) and S(x)

_ Po(m)Pl(m) .. 'Pn_1($)

S, (x
( ) Hop H1p- " Hn—1p

S(x), n=1,2,... (6.11)

where p1p, = E(X1 X+ X,).

A more explicit relationship is stated in the next theorem.

Theorem 6.2.4.

Su(w) = L= JE&I‘X(SXP __X?))n‘X > ) ne1,2,. (6.12)

Proof. From the definition (6.7)), specializing for n = 1,
ma Si(a) = [ s@
(@, o0)

_ /( )[H(ti—xi)] f(t) dt,

[T =)

=1

= F X >z| S(x). (6.13)

Further, using ((6.13)),

[10,p / Si(t) dt = / S(y) dy dt,
(x,00) (z,00) J (¢, 00)
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on successive partial integration of each of the integrals from (x;,00). Again by partial

integration on the right side,

1| )

i=1

E@

X > :13] S(x).

Once again, from ([6.7)) and then on successive partial integration discussed above, we

obtain

Movpﬂl,p/ Sy(t) dt = Mo,p/ / Si(y) dy dt,
(x,00) (x,00) J (t,00)

= / / / S(z) dz dy dt,
(z,00) J(t,00) J(y,00)

— /(mo) [ﬁ(z&i — xi)] /(tm) S(y) dy dt,

B /< ><21'>p 1t = 20?| 5@) dt.
- /( )(3%)13 H(t,» z;)*| f(t) dt,
— (;)p E H(Xi—mi)?) X>g;] S(x).

Proceeding along the same lines and using repeatedly for n = 2,3, ... we find

that for any positive integer m

E ﬁ(Xi — )" X > :1:]
Hopling - tim1y /( _Salt) = S@)  (6.14)
and from (6.7))
p
E| ][ -z X > w]
HopHp ** HinpSm i1 (E) = —=— S(x). (6.15)
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As ¢ — 0, in (6.15), where 0, is a p-vector of zeroes,

1 m m
Hoptip Hmp = m E’[Xl +1 Xp +1] (6].6)

and hence, using (6.16)) in (6.14)), we recover the form ([6.12)). [

Remark 6.2.3. From equation (6.16|) we find that

E(XTX3 - X))
P E(XP Xy Xpt)

Mn_lvp -

Further the covariance between X, ,_1 and X;,_1 in terms of the original variable,
becomes
E(X7X}) E(XT)E(X])

— =1.2.....
B X ) T B OB | T T

Cov(Xip-1, Xjn1) =n"?

The last relation can be employed to compare the dependence structure of the baseline
distribution and its n'" order MVED.

Remark 6.2.4. We can see that

/<m,oo> /<t,oo> [ﬁ(yi - ti)"] fly) dy dt

=1

= (n!)p,UO,p,ul,p' : ',Unl,p/ Sn(t) dt> by ‘ ’

(2,00)

= () hophrp - bnpSnir(T), by ’

_ (mh)p Hp gy x| S(z), again
1 lpl n+1
- (n+1)p /(a:,oo) Lzl (=) ] ey

Remark 6.2.5. From (6.14)) and (6.15)), we get

1
Pa@) = 5 /(m oo)Sn(t) dt,
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El(X) — )"+ (X — )" X > a]
(n+1)p E[(Xy —a1)" - (Xp — 2)"| X > ]

and

El(Xy —x)" (X, —2,)"| X > x]. (6.17)

Remark 6.2.6. The marginal distributions of X,, are the n'" order equilibrium dis-

tributions of the corresponding marginal distributions of X .

6.3 Equilibrium distributions based on conditional

distributions

Chatterjee and Mukherjee (2000, p. 125) introduced higher order equilibrium distri-
butions in the multivariate set up by generating a sequence of equilibrium distribu-
tions corresponding to a survival function R(x) for all positive integers n through the
definition -
/ Rm(m(i), ti) dt;
Ripii(x) = Zis (6.18)
/0 Rm(a:(i), ti) dt;

and state that R;,t1(x) represents a proper multivariate reliability function in the

usual sense. We note that the ratio on the right hand side when n = 0 depends on ¢

and is in-fact -
/ P(XZ > ti|X(i) > CL’(i)) dti

/ P(XVZ > ti|X(i) > ZL‘(i)) dt;
0

representing the equilibrium distribution of the univariate conditional distribution
of X; given X(;y > ;) where ;) = (v1,%2,...,%i—1,Tit1,...,2p). Further these
conditional densities may not be compatible as pointed out in Navarro et al. (2006).
For any random vector X = (X;,Xs,...,X,) and i = 1,2,...,p a necessary and

sufficient condition for compatibility of conditional distributions P(X;|X ) > x(;)) is
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that for each i # j
P(X; > 2| X5y > x()) _ Aj(z;)
PX; > | X >zi)  Aiza)

where A;(x(;)) are survival functions (Arnold (1994)). In view of the above facts, we
modify the definition of Chatterjee and Mukherjee (2000) of the MVED corresponding

to a survival function S(zx) in %} in the following manner.

Definition 6.3.1. The MVED of X in R with survival function S(x) is defined as
the joint survival function of Y1 = (Y11,Y12,...,Y1,) determined by the conditional

survival functions

Rl,i(w) = P(Yu > $i’Y1,(z‘) > w(i)),

Sz, t;) di;

Y

(@), ti) dt;

S~

T

8

n

o0

Li=1,2,... (6.19)

where S(t;|xi)) = P(X; > | X6 > xu)) are subject to the compatibility condition

mentioned above. It is easy to see that

mi(x) S(rilx ;)

Ryi(@) = .
L (CB) E[XAX(Z-) > iE(i)]

In the next theorem, we find the joint survival function R;(x) of Y;.

Theorem 6.3.1. Equation (6.19) characterizes the distribution of Yy through the
survival function

HE[( —.T |X1>I1,X2>I2,...7XZ‘>IZ']

) 6.20
EX|X1>$1,X2>.T2,...,Xl,1>332;1] ( )

=1
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Proof. Allowing (1) — 0,—; in (6.19)) where 0, is a p-vector of zeroes,

my(z1,0,-1) S(x1,0,-1)

PN > o) = m1(0,)
D

Again when x; — 0, for ¢ = 3,4, ..., p,

m2(£17 T, Op—?) S(I‘l, Zo, 0p—2)

P(Yis > 22]Y11 > =
(Y12 > @Y1y > 21) ma(1,0,_1) S(z1,0,1)

so that from the last two equations

ma(z1,0,-1) ma(x1, x2,0,_2)

P(Yl,l > xh)/LQ > 'TQ) = m1<0 ) mg(xl 0 1)
P > TP

S(l‘l, 9, Op_g).

Proceeding like this, by induction

m;(x1, T2, . .., 2, 0p—;)

mi(T1, Tas -+, Ti1,0piy1)

Ri(x) = S(x) H

=1

which is the same as ((6.20). Hence (6.19)) implies (6.20). The converse is obtained
directly from (6.21)). [

(6.21)

Remark 6.3.1. There are other (p — 1) equivalent representations for Ri(x), by
starting with any of the Y1 ; and adopting a proof similar to that of Theorem [6.3.1]

Remark 6.3.2. From (6.21)),

my; 0,0,...,$i,0,...,0

showing that all univariate marginals are equilibrium distributions of the correspond-

ing unwariate distribution of X .

With the above definition of MVED, our new definition of MVED of order n is as

follows.

Definition 6.3.2. Let Y,y = (Y1, Yoz, ..., Yayp) be a random vector in R with sur-



6.3. Equilibrium distributions based on conditional distributions 139

vival function R,(x) determined by

anl(.’B) = P(Ynﬂ > l’l‘lfnﬂ > CU(U),

/ R, _1(x;,t;) dt;
— L n=1,23 .. (6.22)

R, _1(x;i, t;) dt;
0

with Ro(x) = S(x). Then R,(x) is called the n'™ order MVED corresponding to
S(x).

The joint distribution of Y,, is derived in the next theorem.

Theorem 6.3.2.

p
E[(Xl — C(,’Z)n|X1 > $1,X2 > To, ... 7Xi > JZZ]
= s@)]] .

6.23
E[XZH|X1 > Il,XQ > T, ... 7Xz'—1 > xi—l] ( )

i=1

Proof. Equation ([6.20) provides the relationship between a survival function and
its equilibrium distribution. Applying it to the random vector Y7,

() = Ry(a) ﬁ E[Yi; — 2i|Yi1 > 21, Yie > @3, Y14 > i
? ' paiey EY1,|Yig > 21, Y12 >20,..., Y100 > 2]
Now,
1 o
EYii—x|Yi1 > = m/ Ry(t,0,_1) dt,
) VP~ x1

]_ o o S(y,Op_l) :|
- 22 gyl dt, by (622,
Ry(x1,0,-1) /301 M B(X1) Y y 622

_ L / =2 640, ) dt,

Ri(21,0,-1) E(Xy)
_ 1 © (t — 21)?
- Ruf1,0p) / 2B(x,) | 0p-1) dt,

E[(Xl — I1)2|X1 > Il] S(l‘l,op_1>
QE(Xl) Rl(azl,Op_l) ’
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on using integration by parts in the integral on the right side. As z; — 0,

_ B(XD)
B¥i1) = 2B(X,)
Then,
E[Yle — [L’1|YV171 > 1'1] _ S(I’l, Op_l) E[(Xl — 1‘1)2|X1 > [L’l]
E(Yi1) E(X?) Ri(21,0p-1) ’
E[(Xl — 1’1)2|X1 > ZEl] E(Xl) S(xl,Op_l)
by (6.22
E(XF) S0, a B2
_ E[(Xl — :1:1)2|X1 > 331] E(Xl)
E(X%) E[(Xl — xl)]Xl > xl]'

By the same type of calculation for any : = 1,2,...,p,

EVi; —xYin >y, Y > a] EXi| X1 > x1,..., X1 > 2 4]
EYiilYii >y, . Yiiq >x] [E[(Xi — )| X1 > 21, ., Xi > 3
El(X; — )2 X1 > 1,..., X; > 2y

EX2[X, > a1, Xiy > 2i1]

Hence
—LCZ ’Xl > SL’l,XQ > $2,...,Xi > .CL’@]

E XZ‘Xl > 2, Xy > To, ... ,Xl,1 > 33'1;1]

on using the expression for Rl(a:) in (6.20)). Finally (6.23) is arrived at by induction
on n. [}

Remark 6.3.3. All univariate marginals of Y, are equilibrium distributions of the
corresponding marginals of Y,_1 by Remark [6.3.2 The same property need not hold

for higher dimensional marginals.

Equation (6.23)) enables to establish some identities connecting the reliability char-

acteristics of Y,, and X. If

An() = (Ao (®), Apo(T), - Ay ()
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is the vector failure rate of Y,,, so that

0
Ani®) = = 0x;

log R, (x),

we have by logarithmic differentiation of (6.23]) with respect to x,,

a%pE[(Xp —1,)" X > ]
E[(Xp — )" X > a]

Anp(@) = hy(z) —

or, in general

= E[(X; — )" X > ]

A, (@) = hi(x) — i=1.2,....p. 24
Chatterjee and Mukherjee (2000) proved that
A s(@) = — (6.25)
i Mn—l,i(w) ) .

where M, (x) = (M,1(x), M, 2(x), ..., M,,(x)) is the mean residual life of Y}, so
that from (6.4 and (6.5)),

1 o
Mn,z<w> = R—(CB)/ Rn(a}(i),ti) dt;,

1

= — R, (t;|xy) dt;,
Ru(wil2) / @

Ani -
Hence Iy
M, 1 (z) = 8”’i(w) (6.26)
and )
8—%_/\“71‘(50)
An—17i(m) = An,i(m) — H—(.:B) (6.27)

are recurrence relations connecting the failure rates and mean residual life functions

of the MVED’s of order n and n — 1. The expression M, ;(x) in terms of the random
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vector X is

Mnﬂ(.’ﬂ) =

6.4 Characterizations

In this section, we derive characterizations of some multivariate distributions by prop-
erties of their higher order equilibrium distributions. In the univariate case it is well-
known that the only distribution for which the original and equilibrium distributions

are identical is the exponential. We now look at multivariate analogues of this result.

Theorem 6.4.1. The only absolutely continuous multivariate distribution for which
Sp(x) is always equal to S(x) for two consecutive values of n and all © > 0 is the

maxture of exponentials with density function

fla) = i/ exp(—aAT) V(dN), >0, A= (A, M) >0 (6.28)
Hp (0, o0)

where v is a probability measure on the event that

1
AMAg A, = —.
e P Hp

Proof. Let S,(x) and S(x) be identical for n = m, m + 1. Then from (6.11)),
P (x) = pimp-

Further,

Pmp = / Si(x) de,
(0,00)
dx

- /(0700) S(x)

is independent of m. Hence P,,(x) = f,, say, which is independent of « as well. Thus
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P, (x) is a constant and hence from (6.8),

k‘m 1($ = —.
+1(x) o
From Puri and Rubin (1974), for a given p, > 0, the only absolutely continuous distri-
bution with constant failure rate is (6.28]). Conversely, when X has the distribution
specified by (6.28]), direct calculations yield S, (x) = S(x). [

Remark 6.4.1. The above theorem also follows from Puri and Rubin (1974) and
Navarro et al. (2006, p. 58).

Theorem 6.4.2. For the random vectors X and Y, defined on Section the
survival function S(x) is always equal to R, (x) for all x > 0 if and only if X follows

Gumbel’s multivariate exponential distribution with survival function

p
S(x) =exp |- Z Ai T — Z Aij TiTj — ... — Ma.p T1T2 -+ Tp| . (6.29)

i=1 i<j, i,j=1

Proof. Since the vector failure rate determines the corresponding multivariate dis-
tribution uniquely (Galambos and Kotz (1978, p. 129)), when S(x) and R, (x) are

identical, their failure rates must be the same, which means that A, ;(x) = h;(x).

Hence from ([6.24])

a:CiE’[(Xi —z;)"| X > x] = 0.

This implies

a function independent of z;, or

Differentiating the last equation successively with respect to z;, leads to the n'" order

partial differential equation

S(@ilzm) = ci(z) % Ey

S(ailz).
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Adopting the method of proof in solving a similar differential equation in Theorem

2.3.2 in Galambos and Kotz (1978, p. 33) we find
S(|xs)) = exp[—=bi(xy)) =]

This gives the i component of the vector valued failure rate as

0
hi(x) = —axllogS(wa(i)),

which is independent of x;. Now by Theorem 5.4.11 in Galambos and Kotz (1978, p.

129) X follows Gumbel’s multivariate exponential distribution. Conversely,

n _ 1 n_O"S(x)
E[(X;—z)"X >x] = S(z) /(w . (t — ;) T 8$pdm1 dx,,
1 e ,0S(x)
= 5@ /xl (t — ;) o, dzx;.

Substituting (6.29) for S(x) and integrating by parts successively, we find

p p
J#i, j=1 Jk#i, j<k=1
D -n
Map ][] xj] L i=1,2,...,p. (6.30)
J#, g=1

Since ([6.30]) is independent of x;, from ((6.24)

Thus the failure rates of R,(x) and S(x) are the same and hence R,(x) is identical
with S(«). This completes the proof. [



Chapter 7

Conclusions and Future Work

The present thesis has considered various aspects of equilibrium distributions of or-
der n in discrete, continuous and multivariate cases. Emphasis is given to establish
results related to relationships among reliability characteristics, characterization of

distributions, ageing criteria and stochastic orders of equilibrium distributions.

Chapter 1 was intended to make a brief introduction on equilibrium distributions
and their applications, which explain the motivation and objectives of the present

study.

In the beginning of Chapter 2, we presented some basic concepts in reliability
that help to explain the existing results as well as the results obtained in the sub-
sequent chapters. After that, a brief discussion on the existing results was made,
which included both continuous and discrete cases. The review included the origin
and interpretations, characterizations, stochastic orders and ageing of equilibrium

distributions and their higher orders.

In Chapter 3, we considered equilibrium distributions of non-negative continuous
random variables representing lifetimes of components or devices. First, we derived
some basic identities that have importance in reliability theory. The survival function
of equilibrium distribution of order n and that of the baseline (original) distribution
were linked through the moments of the residual lives of the original distribution.

Further, the hazard rate and the mean residual life function of the higher order equi-
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librium distribution were expressed in terms of their respective lower orders. We also
derived the identity connecting the mean residual life functions of the original distri-
bution, the equilibrium distribution of order n and the residual life distribution of the
equilibrium renewal process. These identities were then used to establish some char-
acterization results involving generalized Pareto distribution and generalized mixture
of exponential distributions. An approach using the characteristic function was also
used to deduce a characterization result involving mixture of gamma distributions
and exponential distribution. In the final section of the chapter, we established some
alternative definitions for the ageing notions - IFR, DMRL, DVRL and GIMRL in

terms of partial orders of equilibrium distributions and their residual lives.

Chapter 4 dealt with higher order equilibrium distributions in discrete time and
their various aspects in reliability. We derived some basic identities that have signifi-
cance in reliability theory. The survival function of n** order equilibrium distribution
was expressed in terms of the survival function and the residual life moments of the
original distribution. It was further noted that the former can be expressed in terms of
the stop - loss moments of the same order. The factorial moment generating function
was linked to the factorial moments of the original distribution. From this identity the
relation between the factorial moments of the higher order equilibrium distribution
and that of the baseline distribution were obtained. It was then explained that the
equilibrium distributions can be viewed as a weighted distribution in the discrete. The
above discussed identities were employed to establish some characterization results
of geometric, Waring and negative hyper-geometric distributions. The characteriza-
tions involve survival functions, hazard rates, mean residual life functions and stop -
loss moments. After this a discussion on the higher order equilibrium distributions
of mixture of distributions was made. These were illustrated with negative binomial
distribution mixed with finite range beta and binomial distribution mixed with beta.
Finally, some ageing notions of higher order equilibrium distributions were discussed.
The ageing notions involve IFR, DMRL, IFR(2), DVRL, UBA, UBAE, NBU, NBUE,
NBUC, NBUFR and NBUFRA. Various implications of the above notions of lower

order and higher order equilibrium distributions were also established.

Chapter 5 also dealt with higher order equilibrium distributions in discrete time
and their various aspects in reliability. Here we compared the baseline distribution

with their higher order equilibrium distributions as well as the equilibrium distri-
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butions of two different variables in terms of stochastic orders. By comparing the
baseline and the n** order equilibrium distributions, we have established several in-
terpretations of the ageing concepts - DMRL, IFR, DVRL, NBU, NBUE, NBUC,
NBRU and NBRUE. Later, we have examined various implications among the par-
tial orders such as hazard rate order, likelihood ratio order, mean residual life order,
stochastic order, harmonic mean residual life order, increasing convex order and prob-
ability generating function order of equilibrium distributions of two different random
variables. It is being revealed that some of the reversed implications do not hold and

have presented examples to support the claim.

In the Chapter 6, we discussed the equilibrium distribution of higher orders in
higher dimension. At first, two different approaches were made to define the mul-
tivariate equilibrium distributions of order n. They are distribution based on joint
survival functions and the distribution based on conditional distributions. We have
deduced that multivariate equilibrium distribution of order n can be viewed as the
distribution of a random vector, whose components are the product of two indepen-
dent random variables one has the marginal distribution of a multivariate size biased
distribution of order n and the other is the minimum of n independent and iden-
tically distributed uniform random variables over (0,1). We have extended several
results of univariate equilibrium distributions to multivariate cases. Using these re-
sults, we have established some characterizations involving mixture of exponentials

and Gumbel’s multivariate exponential distribution.

In the previous chapters we have seen that more results and findings are required
to make more advanced study in connection with equilibrium distributions of higher
orders. Some of the areas that need more emphasis are ageing criteria and stochastic
orders based on higher order discrete equilibrium distributions, ageing properties of
higher order multivariate equilibrium distributions and their applications to systems.

Further research in these directions is in progress.
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